
ASIAN JOURNAL OF MATHEMATICS AND PHYSICS 

VOLUME 7, 2023, ARTICLE ID 1 

©2022 Asian Journal of Mathematics and Physics 

Notes on (𝒔, 𝒕)-Pell and (𝒔, 𝒕)-Pell Lucas Matrix Sequences 

Sukran UYGUN ,  Zeynep Sena AÇAR  

Gaziantep University, Department of Mathematics, Gaziantep / TURKEY 

        

In this paper, the authors investigated (s,t)-Pell and (s,t)-Pell Lucas matrix sequence in detail 

and gave some sum formulas and new identities for these sequences. In one of the studies 

about special integer sequences, Gulec, Taskara proved some identities involving the (s,t)-Pell 

and (s,t)-Pell Lucas matrix sequences. Their proofs relied heavily on the Binet formula for the 

(s,t)-Pell and (s,t)-Pell Lucas matrices which was introduced by them. Our goal in this note is 

to reconsider these identities from another viewpoint and use different proof methods. We also 

provide other new properties for the (s,t)-Pell and (s,t)-Pell Lucas matrix sequences. 
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1. INTRODUCTİON 

Special integer sequences are very popular in literature. So you can encounter their different generalizations many 

times. Both of the most popular of these sequences are Pell and Pell Lucas sequences in literature. You can have detailed 

knowledge about them in [1-3]. The authors gave some sum formulas and new identities for Pell and Pell Lucas 

sequences in [4,5,11,15]. Special integer sequences are generalized in many different ways. For example, Civciv and 

Turkmen carried number sequences to matrix theory and defined the (s, t)-Fibonacci and (s, t)-Lucas matrix sequences 

in [6,7]. Gulec, Taskara, studied the generalization of other sequences called  (s,t)-Pell and (s, t)-Pell-Lucas sequences 

and they represented their matrix sequences in [8]. Uslu, Uygun, defined the (s,t)-Jacobsthal and (s,t)-Jacobsthal Lucas 

matrix sequences and their generalizations in [9]. The authors generalized (s,t)-Fibonacci and (s,t)-Lucas sequences 

and gave properties of the generalized-(s,t) Fibonacci and Fibonacci matrix sequences in [10]. Uygun studied the 

properties of (s,t)-Jacobsthal and (s,t)-Jacobsthal Lucas sequences in [12] and found some sum formulas of  (s,t)-

Jacobsthal and (s,t)-Jacobsthal Lucas matrix sequences in [13]. Srisawat and Sriprad denoted (s,t)-Pell and Pell Lucas 

numbers by using a special matrix in [14]. The authors studied on generalized Fibonacci and k-Pell matrix Sequences 

in [16]. The authors present many new results for (s,t)-generalized Pell sequence and (s,t)-generalized Pell matrix 

sequence in [17]. The authors investigated a generalization of the modified Pell sequence, which is called (𝑠,𝑡)-modified 

Pell sequence. The matrix method is used to get some properties for some sequences of numbers 

Jacobsthal Lucas sequences in [12] and found some sum formulas of  (s,t)-Jacobsthal and (s,t)-Jacobsthal Lucas matrix 

sequences in [13]. Srisawat and Sriprad denoted (s,t)-Pell and Pell Lucas numbers by using a special matrix in [14]. 

The authors studied on generalized Fibonacci and k-Pell matrix Sequences in [16]. The authors present many new 

results for (s,t)-generalized Pell sequence and (s,t)-generalized Pell matrix sequence in [17]. The authors investigated 

a generalization of the modified Pell sequence, which is called (𝑠,𝑡)-modified Pell sequence. The matrix method is 

used to get some properties for some sequences of numbers. 

The classic Pell sequence is defined as  𝑝𝑛 = 2𝑝𝑛−1+𝑝𝑛−2   with initial conditions 𝑝0 = 0 , 𝑝1 = 1.  The classic Pell 

Lucas sequence is defined as 𝑞𝑛 = 2𝑞𝑛−1+𝑞𝑛−2   with initial conditions 𝑞0 = 2 , 𝑞1 = 2.   

https://orcid.org/0000-0002-7878-2175
https://orcid.org/0000-0002-9149-0839


2 

Gulec, Taskara defined in [8] the (𝑠, 𝑡)-Pell sequence {𝑝𝑛(𝑠, 𝑡)}𝑛∈ℕ and (𝑠, 𝑡)-Pell-Lucas sequence {𝑞𝑛(𝑠, 𝑡)}𝑛∈ℕ  for 

s,  𝑡 any real number with  𝑠2 + 𝑡 > 0, 𝑛 ≥ 2 and 𝑠 > 0, 𝑡 ≠ 0 respectively by 

𝑝𝑛(𝑠, 𝑡) = 2𝑠𝑝𝑛−1(𝑠, 𝑡) + 𝑡𝑝𝑛−2(𝑠, 𝑡)  (1) 

𝑞𝑛(𝑠, 𝑡) = 2𝑠𝑞𝑛−1(𝑠, 𝑡) + 𝑡𝑞𝑛−2(𝑠, 𝑡)  (2) 

with initial conditions  𝑝0(𝑠, 𝑡) = 0, 𝑝1(𝑠, 𝑡) = 1 and 𝑞0(𝑠, 𝑡) = 2, 𝑞1(𝑠, 𝑡) = 2𝑠. 

The characteristic equation of (1) and (2) is in the form 𝑥2 = 2𝑠𝑥 + 𝑡 and the roots of the equation are  𝑟1 = 𝑠 +

√𝑠2 + 𝑡 and 𝑟2 = 𝑠 − √𝑠2 + 𝑡. Note that 𝑟1 + 𝑟2 = 2𝑠,    𝑟1 − 𝑟2 = 2√𝑠2 + 𝑡 and 𝑟1𝑟2 = −𝑡. Moreover, it is easily 

seen that 

𝑞𝑛(𝑠, 𝑡) = 2𝑠𝑝𝑛(𝑠, 𝑡) + 2𝑡𝑝𝑛−1(𝑠, 𝑡) . 

Their matrix sequences (𝑠, 𝑡)-Pell {𝑃𝑛(𝑠, 𝑡)}𝑛∈ℕ and (𝑠, 𝑡)-Pell-Lucas {𝑄𝑛(𝑠, 𝑡)}𝑛∈ℕ are defined in [8] for 𝑠,  𝑡 any real 

number with  𝑠2 + 𝑡 > 0, 𝑛 ≥ 2 and 𝑠 > 0, 𝑡 ≠ 0 respectively by 

𝑃𝑛(𝑠, 𝑡) = 2𝑠𝑃𝑛−1(𝑠, 𝑡) + 𝑡𝑃𝑛−2(𝑠, 𝑡)  (3) 

𝑄𝑛(𝑠, 𝑡) = 2𝑠𝑄𝑛−1(𝑠, 𝑡) + 𝑡𝑄𝑛−2(𝑠, 𝑡)  (4) 

with initial conditions  

𝑃0(𝑠, 𝑡) = [
1 0
0 1

], 𝑃1(𝑠, 𝑡) = [
2𝑠 1
𝑡 0

], 𝑄0(𝑠, 𝑡) = [
2𝑠 2
2𝑡 −2𝑠

], 𝑄1(𝑠, 𝑡) = [4𝑠2 + 𝑡 2𝑠
2𝑠𝑡 2𝑡

]. 

 

2. PROPERTIES OF (𝒔, 𝒕)-PELL AND (𝒔, 𝒕)-PELL LUCAS MATRIX SEQUENCES 

Gulec, Taskara proved the following relations for 𝑠, 𝑡 be any real number with   𝑠2 + 𝑡 > 0, 𝑛 ≥ 2, 𝑠 > 0 and 𝑡 ≠ 0: 

i. 𝑃𝑛(𝑠, 𝑡) = [
𝑝𝑛+1(𝑠, 𝑡) 𝑝𝑛(𝑠, 𝑡)
𝑡𝑝𝑛(𝑠, 𝑡) 𝑡𝑝𝑛−1(𝑠, 𝑡)

],   𝑄𝑛(𝑠, 𝑡) = [
𝑞𝑛+1(𝑠, 𝑡) 𝑞𝑛(𝑠, 𝑡)
𝑡𝑞𝑛(𝑠, 𝑡) 𝑡𝑞𝑛−1(𝑠, 𝑡)

] 

ii. 𝑃𝑚+𝑛(𝑠, 𝑡) = 𝑃𝑛(𝑠, 𝑡)𝑃𝑚(𝑠, 𝑡) = 𝑃𝑚(𝑠, 𝑡)𝑃𝑛(𝑠, 𝑡) 

iii. 𝑃𝑛(𝑠, 𝑡) = 𝑃1(𝑠, 𝑡)𝑛 

iv. 𝑃𝑚(𝑠, 𝑡)𝑄𝑛+1(𝑠, 𝑡) = 𝑄𝑛+1(𝑠, 𝑡)𝑃𝑚(𝑠, 𝑡) = 𝑄𝑚+𝑛+1(𝑠, 𝑡) 

v. 𝑄𝑛+1(𝑠, 𝑡) = 𝑃1(𝑠, 𝑡)𝑄𝑛(𝑠, 𝑡) 

vi. 𝑃𝑛(𝑠, 𝑡) = (
𝑃1(𝑠,𝑡)−𝑟2𝑃0(𝑠,𝑡)

𝑟1−𝑟2
) 𝑟1

𝑛 − (
𝑃1(𝑠,𝑡)−𝑟1𝑃0(𝑠,𝑡)

𝑟1−𝑟2
) 𝑟2

𝑛 

vii. 𝑄𝑛(𝑠, 𝑡) = (
𝑄1(𝑠,𝑡)−𝑟2𝑄0(𝑠,𝑡)

𝑟1−𝑟2
) 𝑟1

𝑛 − (
𝑄1(𝑠,𝑡)−𝑟1𝑄0(𝑠,𝑡)

𝑟1−𝑟2
) 𝑟2

𝑛 

viii. 𝑄𝑛+1(𝑠, 𝑡) = 𝑄1(𝑠, 𝑡)𝑃𝑛(𝑠, 𝑡) = 𝑃𝑛(𝑠, 𝑡)𝑄1(𝑠, 𝑡). 

In this paper we give some new properties of (𝑠, 𝑡)-Pell and (𝑠, 𝑡)-Pell Lucas matrix sequences. By these properties 

we also derive a number of identities of (𝑠, 𝑡)-Pell and (𝑠, 𝑡)-Pell Lucas number sequences. 

Theorem 1: For 𝑛 ≥ 0 ,we have 

𝑃𝑛(𝑠, 𝑡) = [

𝑟1
𝑛+1−𝑟2

𝑛+1

𝑟1−𝑟2

𝑟1
𝑛−𝑟2

𝑛

𝑟1−𝑟2

𝑡
𝑟1

𝑛−𝑟2
𝑛

𝑟1−𝑟2
𝑡

𝑟1
𝑛−1−𝑟2

𝑛−1

𝑟1−𝑟2

] (5) 

Proof: For 𝑛 = 1  the assertion is true  𝑃1(𝑠, 𝑡) = [

𝑟1
1+1−𝑟2

1+1

𝑟1−𝑟2

𝑟1
1−𝑟2

1

𝑟1−𝑟2

𝑡
𝑟1

1−𝑟2
1

𝑟1−𝑟2
0

] = [
𝑟1 + 𝑟2 1

𝑡 0
] = [

2𝑠 1
𝑡 0

].  For 𝑃1, the 

eigenvalues are 𝑟1 = 𝑠 + √𝑠2 + 𝑡  and 𝑟1 = 𝑠 − √𝑠2 + 𝑡 . The eigenvectors of 𝑟1and 𝑟2 are [
1

−𝑟2
] and [

1
−𝑟1

]. 𝑃1 can 

be denoted by 
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𝑃1 =
1

−𝑟1 + 𝑟2
[

1 1
−𝑟2 −𝑟1

] [
𝑟1 0
0 𝑟2

] [
−𝑟1 −1
𝑟2 1

] 

     =
1

−𝑟1+𝑟2
[

𝑟1 𝑟2

−𝑟1𝑟2 −𝑟1𝑟2
] [

−𝑟1 −1
𝑟2 1

]  

     =
1

−𝑟1+𝑟2
[

−𝑟1
2 + 𝑟2

2 −𝑟1 + 𝑟2

𝑟1
2𝑟2 − 𝑟1𝑟2

2 𝑟1𝑟2 − 𝑟1𝑟2
] = [

2𝑠 1
𝑡 0

].  

Then by using the property 𝑃𝑛 = 𝑃1
𝑛, it is obtained that 

𝑃𝑛 = ([
1 1

−𝑟2 −𝑟1
] [

𝑟1 0
0 𝑟2

] [
1 1

−𝑟2 −𝑟1
]

−1

)

𝑛

  

     =
1

−𝑟1+𝑟2
. [

1 1
−𝑟2 −𝑟1

] [
𝑟1

𝑛 0
0 𝑟2

𝑛] [
−𝑟1 −1
𝑟2 1

] 

     =
1

−𝑟1+𝑟2
. [

−𝑟1
𝑛+1 + 𝑟2

𝑛+1 −𝑟1
𝑛 + 𝑟2

𝑛

𝑟1𝑟2𝑟2
𝑛 − 𝑟1𝑟2𝑟1

𝑛 𝑟1𝑟2𝑟2
𝑛−1 − 𝑟1𝑟2𝑟1

𝑛−1] 

     =
1

𝑟1−𝑟2
[
𝑟1

𝑛+1 − 𝑟2
𝑛+1 𝑟1

𝑛 − 𝑟2
𝑛

𝑡𝑟1
𝑛 − 𝑡𝑟2

𝑛 𝑡𝑟1
𝑛−1 − 𝑡𝑟2

𝑛−1] 

     = [

𝑟1
𝑛+1−𝑟2

𝑛+1

𝑟1−𝑟2

𝑟1
𝑛−𝑟2

𝑛

𝑟1−𝑟2

𝑡
𝑟1

𝑛−𝑟2
𝑛

𝑟1−𝑟2
𝑡

𝑟1
𝑛−1−𝑟2

𝑛−1

𝑟1−𝑟2

]. 

Corollary 2: We obtain the Binet’s formula for (𝑠, 𝑡)-Pell number sequence as 

𝑝𝑛 =
𝑟1

𝑛−𝑟2
𝑛

𝑟1−𝑟2
.  

Corollary 3: We obtain the Binet’s formula for (𝑠, 𝑡)-Pell Lucas number sequence as 

𝑞𝑛 = 𝑟1
𝑛 + 𝑟2

𝑛.  

Proof: The relation between (𝑠, 𝑡)-Pell  and (𝑠, 𝑡)-Pell Lucas sequences is used: 

𝑞𝑛 = 2𝑠𝑝𝑛 + 2𝑡𝑝𝑛−1  

     = 2𝑠
𝑟1

𝑛−𝑟2
𝑛

𝑟1−𝑟2
+ 2𝑡

𝑟1
𝑛−1−𝑟2

𝑛−1

𝑟1−𝑟2
 

     =
(2𝑠+

2𝑡

𝑟1
)𝑟1

𝑛−(2𝑠+
2𝑡

𝑟2
)𝑟2

𝑛

𝑟1−𝑟2
  

     =
(

2𝑠𝑟1+2𝑡

𝑟1
)𝑟1

𝑛−(
2𝑠𝑟2+2𝑡

𝑟2
)𝑟2

𝑛

𝑟1−𝑟2
  

By the definitions of 𝑟1, 𝑟2, we have 

     =
(

𝑟1(𝑟1+𝑟2)−2𝑟1𝑟2
𝑟1

)𝑟1
𝑛−(

𝑟2(𝑟1+𝑟2)−2𝑟1𝑟2
𝑟2

)𝑟2
𝑛

𝑟1−𝑟2
 

     =
(

𝑟1
2−𝑟1𝑟2

𝑟1
)𝑟1

𝑛−(
𝑟2

2−𝑟1𝑟2
𝑟2

)𝑟2
𝑛

𝑟1−𝑟2
 

     = (
𝑟1

2−𝑟1𝑟2

𝑟1(𝑟1−𝑟2)
) 𝑟1

𝑛 − (
𝑟2

2−𝑟1𝑟2

𝑟2(𝑟1−𝑟2)
) 𝑟2

𝑛 

     = (
𝑟1

2−𝑟1𝑟2

𝑟1
2−𝑟1𝑟2

) 𝑟1
𝑛 − (

𝑟2
2−𝑟1𝑟2

𝑟1𝑟2−𝑟2
2) 𝑟2

𝑛 

     = 𝑟1
𝑛 + 𝑟2

𝑛 

Theorem 4: For 𝑛 ∈ ℤ+ and 𝑥 ∈ ℝ, we have the following formulas for (𝑠, 𝑡)-Pell  and (𝑠, 𝑡)-Pell Lucas sequences  

∑ 𝑃𝑘
𝑛
𝑘=1 𝑥−𝑘 = −

1

𝑥𝑛(𝑥2−2𝑠𝑥−𝑡)
[𝑥𝑃𝑛+1 + 𝑡𝑃𝑛] +

1

(𝑥2−2𝑠𝑥−𝑡)
[𝑥𝑃1 + (𝑥2 − 2𝑠𝑥)𝑃0]  

∑ 𝑄𝑘
𝑛
𝑘=1 𝑥−𝑘 = −

1

𝑥𝑛(𝑥2−2𝑠𝑥−𝑡)
[𝑥𝑄𝑛+1 + 𝑡𝑄𝑛] +

1

(𝑥2−2𝑠𝑥−𝑡)
[𝑥𝑄1 + (𝑥2 − 2𝑠𝑥)𝑄0].  
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Corollary 5: For (𝑠, 𝑡)-Pell matrix sequence, the following is obtained: 

∑ 𝑃𝑘
∞
𝑘=1 𝑥−𝑘 =

1

(𝑥2−2𝑠𝑥−𝑡)
[𝑥𝑃1 + (𝑥2 − 2𝑠𝑥)𝑃0].  

Corollary 6: For (𝑠, 𝑡)-Pell  sequence, the following is derived: 

∑ 𝑝𝑘
∞
𝑘=1 𝑥−𝑘 =

𝑥

(𝑥2−2𝑠𝑥−𝑡)
.  

Proof: It is known that by Corollary5 and the Property 3-i. 

𝑃𝑛(𝑠, 𝑡) = [
𝑝𝑛+1(𝑠, 𝑡) 𝑝𝑛(𝑠, 𝑡)

𝑡𝑝𝑛(𝑠, 𝑡) 𝑡𝑝𝑛−1(𝑠, 𝑡)
].  

Using the equality of the matrices, we get 

∑ 𝑃𝑘

∞

𝑘=1

𝑥−𝑘 =
1

(𝑥2 − 2𝑠𝑥 − 𝑡)
[𝑥𝑃1 + (𝑥2 − 2𝑠𝑥)𝑃0] 

                   =
1

(𝑥2−2𝑠𝑥−𝑡)
[𝑥 [

2𝑠 1
𝑡 0

] + (𝑥2 − 2𝑠𝑥) [
1 0
0 1

]] 

                   =
1

(𝑥2−2𝑠𝑥−𝑡)
[2𝑠𝑥 + 𝑥2 − 2𝑠𝑥 𝑥

𝑡𝑥 𝑥2 − 2𝑠𝑥
]. 

Corollary 7: For (𝑠, 𝑡)-Pell Lucas matrix sequence, the following is obtained: 

∑ 𝑄𝑘
∞
𝑘=1 𝑥−𝑘 =

1

(𝑥2−2𝑠𝑥−𝑡)
[𝑥𝑄1 + (𝑥2 − 2𝑠𝑥)𝑄0].  

Corollary 8: For (𝑠, 𝑡)-Pell Lucas sequence, the following is derived: 

∑ 𝑞𝑘
∞
𝑘=1 𝑥−𝑘 =

2𝑥2−2𝑠𝑥

(𝑥2−2𝑠𝑥−𝑡)
.  

Proof: It is easily seen that by using Corollary 7 and the property 3-i. 

Theorem 9: For |𝑟1
𝑘𝑟2

𝑟−𝑘𝑥| < 1, let be 𝑟 is any odd positive integer and 𝐴 = (
𝑃1−𝑟2𝑃0

𝑟1−𝑟2
) , 𝐵 = (

𝑃1−𝑟1𝑃0

𝑟1−𝑟2
), 

The following sum formula is satisfied:  

∑ 𝑃𝑖
𝑟∞

𝑖=1 𝑥𝑖 = ∑ [(−1)𝑘(𝑟
𝑘

)𝐴𝑘𝐵𝑘 𝐴𝑟−2𝑘−𝐵𝑟−2𝑘+(−𝑡)𝑘(𝐵𝑟−2𝑘𝑟1
𝑟−2𝑘−𝐴𝑟−2𝑘𝑟2

𝑟−2𝑘)𝑥

1−(−𝑡)𝑘𝑞𝑟−2𝑘𝑥+(−𝑡)𝑟𝑥2 ]
𝑟−1

2

𝑘=0
.  

Let 𝑟 is any even positive integer, the following equality derived: 

∑ 𝑃𝑖
𝑟∞

𝑖=1 𝑥𝑖 = ∑ [(−1)𝑘(𝑟
𝑘

)𝐴𝑘𝐵𝑘 𝐴𝑟−2𝑘−𝐵𝑟−2𝑘+(−𝑡)𝑘(𝐵𝑟−2𝑘𝑟1
𝑟−2𝑘−𝐴𝑟−2𝑘𝑟2

𝑟−2𝑘)𝑥

1−(−𝑡)𝑘𝑞𝑟−2𝑘𝑥+(−𝑡)𝑟𝑥2 ] + ( 𝑟
𝑟 2⁄ )

𝑟

2
−1

𝑘=0

𝐴𝑟 2⁄ (−𝐵𝑟 2⁄ )

1−(−𝑡)𝑟 2⁄ 𝑥
  

Proof: By Binet formula of (𝑠, 𝑡)-Pell matrix sequence 𝑃𝑛 = 𝐴. 𝑟1
𝑛 − 𝐵. 𝑟2

𝑛,  we get 

                                  ∑ (𝐴𝑟1
𝑖 − 𝐵𝑟2

𝑖)
𝑟

𝑥𝑖∞
𝑖=0 = ∑ (∑ (𝑟

𝑘
)(𝐴. 𝑟1

𝑖)
𝑘𝑟

𝑘=0 (−𝐵𝑟1
𝑖)

𝑟−𝑘
)∞

𝑖=0 𝑥𝑖  

                                         = ∑ (𝑟
𝑘

)(𝐴)𝑘𝑟
𝑘=0 (−𝐵)𝑟−𝑘 ∑ (𝑟1

𝑘𝑟2
𝑟−𝑘𝑥)

𝑖∞
𝑖=0  

                                         = ∑ (𝑟
𝑘

)(𝐴)𝑘𝑟
𝑘=0 (−𝐵)𝑟−𝑘 1

1−𝑟1
𝑘𝑟2

𝑟−𝑘𝑥
 

 If 𝑟 is an odd positive integer, then we have 

                                         = ∑ (𝑟
𝑘

) (
(𝐴)𝑘(−𝐵)𝑟−𝑘

1−𝑟1
𝑘𝑟2

𝑟−𝑘𝑥
+

(𝐴)𝑟−𝑘(−𝐵)𝑘

1−𝑟1
𝑟−𝑘𝑟2

𝑘𝑥
)

𝑟−1

2

𝑘=0
 

                                         = ∑ (−1)𝑘(𝑟
𝑘

) (
𝐴𝑟−𝑘𝐵𝑘

1−𝑟1
𝑟−𝑘𝑟2

𝑘𝑥
−

𝐴𝑘𝐵𝑟−𝑘

1−𝑟1
𝑘𝑟2

𝑟−𝑘𝑥
)

𝑟−1

2

𝑘=0
 

                                         = ∑ (−1)𝑘(𝑟
𝑘

) (
𝐴𝑟−𝑘𝐵𝑘−𝐴𝑘𝐵𝑟−𝑘+(𝐴𝑘𝐵𝑟−𝑘𝑟1

𝑟−𝑘𝑟2
𝑘−𝐴𝑟−𝑘𝐵𝑘𝑟1

𝑘𝑟2
𝑟−𝑘)𝑥

1−(𝑟1
𝑘𝑟2

𝑟−𝑘+𝑟1
𝑟−𝑘𝑟2

𝑘)𝑥+(𝑟1𝑟2)𝑟𝑥2 )
𝑟−1

2

𝑘=0
 

                                         = ∑ (−1)𝑘(𝑟
𝑘

) (
𝐴𝑟−𝑘𝐵𝑘−𝐴𝑘𝐵𝑟−𝑘+(𝑟1𝑟2)𝑘(𝐴𝑘𝐵𝑟−𝑘𝑟1

𝑟−2𝑘−𝐴𝑟−𝑘𝐵𝑘𝑟2
𝑟−2𝑘)𝑥

1−(𝑟1𝑟2)𝑘(𝑟2
𝑟−2𝑘+𝑟1

𝑟−2𝑘)𝑥+(𝑟1𝑟2)𝑟𝑥2 )
𝑟−1

2

𝑘=0
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                                         = ∑ (−1)𝑘(𝑟
𝑘

) (
𝐴𝑟−𝑘𝐵𝑘−𝐴𝑘𝐵𝑟−𝑘+(−𝑡)𝑘(𝐴𝑘𝐵𝑟−𝑘𝑟1

𝑟−2𝑘−𝐴𝑟−𝑘𝐵𝑘𝑟2
𝑟−2𝑘)𝑥

1−(−𝑡)𝑘(𝑟2
𝑟−2𝑘+𝑟1

𝑟−2𝑘)𝑥+(−𝑡)𝑟𝑥2 )
𝑟−1

2

𝑘=0
 

                                         = ∑ (−1)𝑘(𝑟
𝑘

)𝐴𝑘𝐵𝑘 (
𝐴𝑟−2𝑘−𝐵𝑟−𝑘+(−𝑡)𝑘(𝐵𝑟−2𝑘𝑟1

𝑟−2𝑘−𝐴𝑟−2𝑘𝑟2
𝑟−2𝑘)𝑥

1−(−𝑡)𝑘𝑞𝑟−2𝑘𝑥+(−𝑡)𝑟𝑥2 )
𝑟−1

2

𝑘=0
 

If 𝑟 is an even positive integer, then we have, 

                                         = ∑ (𝑟
𝑘

) (
(𝐴)𝑘(−𝐵)𝑟−𝑘

1−𝑟1
𝑘𝑟2

𝑟−𝑘𝑥
+

(𝐴)𝑟−𝑘(−𝐵)𝑘

1−𝑟1
𝑟−𝑘𝑟2

𝑘𝑥
)

𝑟

2
−1

𝑘=0
+ ( 𝑟

𝑟 2⁄ )
𝐴𝑟 2⁄ (−𝐵𝑟 2⁄ )

1−(−𝑡)𝑟 2⁄ 𝑥
 

                                         = ∑ (−1)𝑘(𝑟
𝑘

) (
𝐴𝑟−𝑘𝐵𝑘

1−𝑟1
𝑟−𝑘𝑟2

𝑘𝑥
+

𝐴𝑘𝐵𝑟−𝑘

1−𝑟1
𝑘𝑟2

𝑟−𝑘𝑥
)

𝑟

2
−1

𝑘=0
+ ( 𝑟

𝑟 2⁄ )
𝐴𝑟 2⁄ (−𝐵𝑟 2⁄ )

1−(−𝑡)𝑟 2⁄ 𝑥
 

                                         = ∑ (−1)𝑘(𝑟
𝑘

) (
𝐴𝑟−𝑘𝐵𝑘+𝐴𝑘𝐵𝑟−𝑘−(𝐴𝑘𝐵𝑟−𝑘𝑟1

𝑟−𝑘𝑟2
𝑘+𝐴𝑟−𝑘𝐵𝑘𝑟1

𝑘𝑟2
𝑟−𝑘)𝑥

1−(𝑟1
𝑘𝑟2

𝑟−𝑘+𝑟1
𝑟−𝑘𝑟2

𝑘)𝑥+(𝑟1𝑟2)𝑟𝑥2 )
𝑟

2
−1

𝑘=0
+ ( 𝑟

𝑟 2⁄ )
𝐴𝑟 2⁄ (−𝐵𝑟 2⁄ )

1−(−𝑡)𝑟 2⁄ 𝑥
 

                                         = ∑
(−1)𝑘(𝑟

𝑘
) (

𝐴𝑟−𝑘𝐵𝑘+𝐴𝑘𝐵𝑟−𝑘−(−𝑡)𝑘(𝐴𝑘𝐵𝑟−𝑘𝑟1
𝑟−2𝑘+𝐴𝑟−𝑘𝐵𝑘𝑟2

𝑟−2𝑘)𝑥

1−(−𝑡)𝑘(𝑟2
𝑟−2𝑘+𝑟1

𝑟−2𝑘)𝑥+𝑡𝑟𝑥2 )

+ ( 𝑟
𝑟 2⁄ )

𝐴𝑟 2⁄ (−𝐵𝑟 2⁄ )

1−(−𝑡)𝑟 2⁄ 𝑥

𝑟

2
−1

𝑘=0
 

                                         = ∑
[(−1)𝑘(𝑟

𝑘
)𝐴𝑘𝐵𝑘 𝐴𝑟−2𝑘−𝐵𝑟−2𝑘+(−𝑡)𝑘(𝐵𝑟−2𝑘𝑟1

𝑟−2𝑘−𝐴𝑟−2𝑘𝑟2
𝑟−2𝑘)𝑥

1−(−𝑡)𝑘𝑞𝑟−2𝑘𝑥+(−𝑡)𝑟𝑥2 ]

+ ( 𝑟
𝑟 2⁄ )

𝐴𝑟 2⁄ (−𝐵𝑟 2⁄ )

1−(−𝑡)𝑟 2⁄ 𝑥

𝑟

2
−1

𝑟=0  

Theorem 10: For |𝑟1
𝑘𝑟2

𝑟−𝑘𝑥| < 1, let be 𝑟 is any odd positive integer and 𝑋 = (
𝑄1−𝑟2𝑄0

𝑟1−𝑟2
) ,𝑌 = (

𝑄1−𝑟1𝑄0

𝑟1−𝑟2
). The following 

sum formula is satisfied:  

∑ 𝑄𝑖
𝑟∞

𝑖=1 𝑥𝑖 = ∑ ∑ [(−1)𝑘(𝑟
𝑘

)𝑋𝑘𝑌𝑘 𝑋𝑟−2𝑘−𝑌𝑟−2𝑘+(−𝑡)𝑘(𝑌𝑟−2𝑘𝑟1
𝑟−2𝑘−𝑋𝑟−2𝑘𝑟2

𝑟−2𝑘)𝑥

1−(−𝑡)𝑘𝑞𝑟−2𝑘𝑥+(−𝑡)𝑟𝑥2 ]
𝑟−1

2

𝑘=0
.  

Let 𝑟 is any even positive integer, the following equality obtained: 

∑ 𝑄𝑖
𝑟∞

𝑖=1 𝑥𝑖 = ∑ [(−1)𝑘(𝑟
𝑘

)𝑋𝑘𝑌𝑘 𝑋𝑟−2𝑘−𝑌𝑟−2𝑘+(−𝑡)𝑘(𝑌𝑟−2𝑘𝑟1
𝑟−2𝑘−𝑋𝑟−2𝑘𝑟2

𝑟−2𝑘)𝑥

1−(−𝑡)𝑘𝑞𝑟−2𝑘𝑥+(−𝑡)𝑟𝑥2 ] + ( 𝑟
𝑟 2⁄ )

𝑟

2
−1

𝑘=0

𝑋𝑟 2⁄ (−𝑌𝑟 2⁄ )

1−(−𝑡)𝑟 2⁄ 𝑥
  

Proof: The Binet formula of (𝑠, 𝑡)-Pell Lucas matrix sequence is 𝑄𝑛 = 𝑋𝑟1
𝑛 − 𝑌𝑟2

𝑛. 

 We get the desired result by the same procedure and using Theorem 9 and property vii. 

In [8], the authors already gave sum formulas by using Binet formula as 

∑ 𝑃𝑘𝑖+𝑗 =
𝑃𝑘𝑛+𝑘+𝑗+(−𝑡)𝑘𝑃𝑗−𝑘−(−𝑡)𝑘𝑃𝑘𝑛+𝑗−𝑃𝑗

(𝑥1)𝑘+(𝑥2)𝑘−(−𝑡)𝑘−1

𝑛
𝑘=1   

∑ 𝑄𝑘𝑖+𝑗 =
𝑄𝑘𝑛+𝑘+𝑗+(−𝑡)𝑘𝑄𝑗−𝑘−(−𝑡)𝑘𝑄𝑘𝑛+𝑗−𝑄𝑗

(𝑥1)𝑘+(𝑥2)𝑘−(−𝑡)𝑘−1

𝑛
𝑘=1   

In the following theorem, we present partial sums of (𝑠, 𝑡) −Pell matrix and (𝑠, 𝑡) −Pell Lucas matrix sequences by 

using a different proof method. 

Theorem 11:  The partial sum of (𝑠, 𝑡) −Pell matrix sequence for 2𝑠 + 𝑡 ≠ 1 is given in the following 

 ∑ 𝑃𝑘 =
1

2𝑠+𝑡−1

𝑛
𝑘=1 [

𝑝𝑛+2 + 𝑡𝑝𝑛+1 − 2𝑠 − 𝑡 𝑝𝑛+1 + 𝑡𝑝𝑛 − 1
𝑡(𝑝𝑛+1 + 𝑡𝑝𝑛 − 1) 𝑡(𝑝𝑛 + 𝑡𝑝𝑛−1 − 1)

]  

Proof: Let 𝑆𝑛 = ∑ 𝑃𝑘
𝑛
𝑘=1 .  By multiplying 𝑃1 both of the sides of the equality and Proposition 3(ii), we get 

𝑆𝑛𝑃1 = 𝑃2 + 𝑃3 + 𝑃4 + ⋯ + 𝑃𝑛+1.  

By adding 𝑃1 both of the sides of the equality, it is obtained that  

𝑆𝑛𝑃1 + 𝑃1 = 𝑃1 + 𝑃2 + 𝑃3 + 𝑃4 + ⋯ + 𝑃𝑛+1  

𝑆𝑛𝑃1 + 𝑃1 = 𝑆𝑛 + 𝑃𝑛+1  

𝑆𝑛𝑃1 − 𝑆𝑛 = 𝑃𝑛+1 − 𝑃1  

𝑆𝑛(𝑃1 − 𝑃0) = 𝑃𝑛+1 − 𝑃1  

The inverse of 𝑃1 − 𝑃0 is available for 𝑑𝑒𝑡(𝑃1 − 𝑃0) = 1 − 2𝑠 − 𝑡 ≠ 0 . Then we get 
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𝑆𝑛 = (𝑃𝑛+1 − 𝑃1)(𝑃1 − 𝑃0)−1  

By using the following equalities 

𝑃1 − 𝑃0 = [
2𝑠 − 1 1

𝑡 −1
],  𝑃𝑛+1 − 𝑃1 = [

𝑝𝑛+2 − 2𝑠 𝑝𝑛+1 − 1
𝑡𝑝𝑛+1 − 𝑡 𝑡𝑝𝑛

] 

and 

 (𝑃1 − 𝑃0)−1 =
1

−2𝑠−𝑡+1
[
−1 −1
−𝑡 2𝑠 − 1

] =
1

2𝑠+𝑡−1
[
1 1
𝑡 1 − 2𝑠

], 

we get 

𝑆𝑛 = [
𝑝𝑛+2 − 2𝑠 𝑝𝑛+1 − 1
𝑡𝑝𝑛+1 − 𝑡 𝑡𝑝𝑛

] (
1

2𝑠+𝑡−1
) [

1 1
𝑡 1 − 2𝑠

]  

     =
1

2𝑠+𝑡−1
[
𝑝𝑛+2 + 𝑡𝑝𝑛+1 − 2𝑠 − 𝑡 𝑝𝑛+2 + (1 − 2𝑠)𝑝𝑛+1 − 1

𝑡(𝑝𝑛+1 + 𝑡𝑝𝑛 − 1) 𝑡(𝑝𝑛+1 + (1 − 2𝑠)𝑝𝑛 − 1)
].  

Corollary 12: The partial sum of (𝑠, 𝑡) −Pell number sequence for 2𝑠 + 𝑡 ≠ 1 is given in the following 

∑ 𝑝𝑘 =
𝑝𝑛+1+𝑡𝑝𝑛−1

2𝑠+𝑡−1

𝑛
𝑘=1 .  

Proof: It is proved by the equalities of the matrix sequences and from Theorem 11. 

Theorem 13: The partial sum of (𝑠, 𝑡) −Pell Lucas matrix sequence for 2𝑠 + 𝑡 ≠ 1 is given in the following 

∑ 𝑄𝑘+1 =𝑛
𝑘=1 (𝑎𝑖𝑗), 

𝑎11 =
1

2𝑠 + 𝑡 − 1
[𝑝𝑛+4 + 𝑡𝑝𝑛+3 + 2𝑠𝑡𝑝𝑛+2 − 4𝑠2(2𝑠 + 𝑡) − 2𝑠𝑡 − 𝑡2 − 1] 

𝑎12 =
1

2𝑠 + 𝑡 − 1
[𝑝𝑛+3 + 𝑡𝑝𝑛+2 − 4𝑠2 − 2𝑠𝑡 − 𝑡] 

𝑎21 =
1

2𝑠 + 𝑡 − 1
[𝑡𝑝𝑛+3 + 𝑡2𝑝𝑛+2 + 𝑡2𝑝𝑛+1 + 𝑡3𝑝𝑛 − 4𝑠2𝑡 − 2𝑠𝑡2 − 2𝑡2] 

𝑎22 =
1

2𝑠 + 𝑡 − 1
[𝑡𝑝𝑛+2 + 𝑡2𝑝𝑛+1 + 𝑡2𝑝𝑛 + 𝑡3𝑝𝑛−1 − 4𝑠2𝑡 − 2𝑠𝑡 − 2𝑡] 

Proof: By using 𝑄𝑘+1 = 𝑄1𝑃𝑘 and Theorem 11, we get 

∑ 𝑄𝑘+1= [4𝑠2 + 𝑡 2𝑠
2𝑠𝑡 2𝑡

]𝑛
𝑘=1

1

2𝑠+𝑡−1
[
𝑝𝑛+2 + 𝑡𝑝𝑛+1 − 2𝑠 − 𝑡 𝑝𝑛+1 + 𝑡𝑝𝑛 − 1

𝑡(𝑝𝑛+1 + 𝑡𝑝𝑛 − 1) 𝑡(𝑝𝑛 + 𝑡𝑝𝑛−1 − 1)
]  

𝑎11 =
1

2𝑠 + 𝑡 − 1
[4𝑠2(𝑝𝑛+2 + 𝑡𝑝𝑛+1 − 2𝑠 − 𝑡) + 𝑡(𝑝𝑛+2 + 𝑡𝑝𝑛+1 − 2𝑠 − 𝑡) + 2𝑠𝑡(𝑝𝑛+1 + 𝑡𝑝𝑛 − 1)] 

       =
1

2𝑠+𝑡−1
[𝑝𝑛+4 + 𝑡𝑝𝑛+3 + 2𝑠𝑡𝑝𝑛+2 − 4𝑠2(2𝑠 + 𝑡) − 2𝑠𝑡 − 𝑡2 − 1]  

𝑎12 =
1

2𝑠 + 𝑡 − 1
 ((4𝑠2 + 𝑡)(𝑝𝑛+1 + 𝑡𝑝𝑛 − 1) + 2𝑠𝑡(𝑝𝑛 + 𝑡𝑝𝑛−1 − 1)) 

       =
1

2𝑠+𝑡−1
[𝑝𝑛+3 + 𝑡𝑝𝑛+2 − 4𝑠2 − 2𝑠𝑡 − 𝑡]  

𝑎21 =
1

2𝑠 + 𝑡 − 1
[2𝑠𝑡(𝑝𝑛+2 + 𝑡𝑝𝑛+1 − 2𝑠 − 𝑡) + 2𝑡2(𝑝𝑛+1 + 𝑡𝑝𝑛 − 1)] 

       =
1

2𝑠+𝑡−1
[𝑡𝑝𝑛+3 + 𝑡2𝑝𝑛+2 + 𝑡2𝑝𝑛+1 + 𝑡3𝑝𝑛 − 4𝑠2𝑡 − 2𝑠𝑡2 − 2𝑡2]  

𝑎22 =
1

2𝑠 + 𝑡 − 1
 (2𝑠𝑡(𝑝𝑛+1 + 𝑡𝑝𝑛 − 1) + 2𝑡2(𝑝𝑛 + 𝑡𝑝𝑛−1 − 1)) 

       =
1

2𝑠+𝑡−1
[𝑡𝑝𝑛+2 + 𝑡2𝑝𝑛+1 + 𝑡2𝑝𝑛 + 𝑡3𝑝𝑛−1 − 4𝑠2𝑡 − 2𝑠𝑡 − 2𝑡].  

Corollary 14: The partial sum of (𝑠, 𝑡) −Pell Lucas number sequence for 2𝑠 + 𝑡 ≠ 1 is given in the following 

∑ 𝑞𝑘+1 =
1

2𝑠+𝑡−1

𝑛
𝑘=1 [𝑝𝑛+3 + 𝑡𝑝𝑛+2 − 4𝑠2 − 2𝑠𝑡 − 𝑡].  

Theorem 15: Let 2𝑠 + 𝑡 ≠ 1 and 2𝑠 − 𝑡 ≠ 1, then for  𝑆2𝑛 = ∑ 𝑃2𝑘 =𝑛
𝑘=1 (𝑎𝑖𝑗) we get 
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𝑎11 =
1

(2𝑠 + 𝑡 − 1)(2𝑠 − 𝑡 + 1)
(𝑝2𝑛+3 − 𝑡𝑝2𝑛+1 − 4𝑠2 + 𝑡2 − 𝑡), 

𝑎12 =
1

(2𝑠 + 𝑡 − 1)(2𝑠 − 𝑡 + 1)
(𝑝2𝑛+2 − 𝑡2𝑝2𝑛 − 2𝑠), 

𝑎21 =
𝑡

(2𝑠 + 𝑡 − 1)(2𝑠 − 𝑡 + 1)
(𝑝2𝑛+2 − 𝑡2𝑝2𝑛 − 2𝑠), 

𝑎22 =
𝑡

(2𝑠 + 𝑡 − 1)(2𝑠 − 𝑡 + 1)
(𝑝2𝑛+1 − 𝑡2𝑝2𝑛−1 − 1 + 𝑡). 

Proof: The proof is made in a similar way in Theorem 11. 

Corollary 16: The odd and even elements sums of (𝑠, 𝑡) −Pell sequence for 2𝑠 + 𝑡 ≠ 1  and 2𝑠 − 𝑡 ≠ 1 are given in 

the following: 

∑ 𝑝2𝑘+1 =
1

(2𝑠+𝑡−1)(2𝑠−𝑡+1)
𝑛
𝑘=1 (𝑝2𝑛+3 − 𝑡𝑝2𝑛+1 − 4𝑠2 + 𝑡2 − 𝑡)  

∑ 𝑝2𝑘 =
1

(2𝑠+𝑡−1)(2𝑠−𝑡+1)
(𝑝2𝑛+2 − 𝑡2𝑝2𝑛 − 2𝑠).𝑛

𝑘=1   

Theorem 17: For (𝑠, 𝑡) −Pell matrix sequence, the following equality is satisfied: 

∑ (𝑛
𝑖
)𝑃𝑖

𝑟𝑛
𝑖=1 𝑥𝑖 = ∑ (𝑟

𝑘
)𝐴𝑘(−𝐵)𝑘𝑟

𝑘=0 (1 + 𝑟1
𝑘𝑟2

𝑟−𝑘𝑥)
𝑛

  

where 𝐴 = (
𝑃1−𝑟2𝑃0

𝑟1−𝑟2
) and 𝐵 = (

𝑃1−𝑟1𝑃0

𝑟1−𝑟2
). 

Proof: By using the Binet formula of (𝑠, 𝑡) −Pell matrix sequence, it is obtained that 

∑ (𝑛
𝑖
)𝑃𝑖

𝑟𝑛
𝑖=0 𝑥𝑖 = ∑ (𝐴𝑟1

𝑖 − 𝐵𝑟2
𝑖)

𝑟𝑛
𝑖=0 𝑥𝑖  

                       = ∑ (𝑛
𝑖
) ∑ (𝑟

𝑘
)(𝐴𝑟1

𝑖)
𝑘

(−𝐵𝑟2
𝑖)

𝑟−𝑘𝑟
𝑘=0

𝑛
𝑖=0 𝑥𝑖 

                       = ∑ (𝑟
𝑘

)(𝐴)𝑘(−𝐵)𝑟−𝑘𝑟
𝑘=0 ∑ (𝑛

𝑖
)(𝑟1

𝑘𝑟2
𝑟−𝑘𝑥)𝑖𝑟

𝑘=0  

                       = ∑ (𝑟
𝑘

)(𝐴)𝑘(−𝐵)𝑟−𝑘𝑟
𝑘=0 (1 + 𝑟1

𝑘𝑟2
𝑟−𝑘𝑥)𝑛.  

Theorem 18: The partial sum of the product of the consecutive elements of (𝑠, 𝑡) −Pell matrix sequence for 𝑖 ∈ ℤ, 

𝑡 − 2𝑠 ≠ 1 and 𝑡 + 2𝑠 ≠ 1 is given in the following 

∑ 𝑃𝑘+𝑖
𝑛−1
𝑘=0 𝑃𝑘 =

𝐴2𝑟1
𝑖(1−𝑟2

2−𝑟1
2𝑛−𝑟2

2𝑟1
2𝑛)+𝐵2𝑟2

𝑖(1−𝑟1
2−𝑟2

2𝑛−𝑟1
2𝑟2

2𝑛)

(𝑡−2𝑠−1)(𝑡+2𝑠−1)
− 𝐴𝐵 (

1−(−𝑡)𝑛

1+𝑡
) 𝑞𝑖  

where 𝐴 = (
𝑃1−𝑟2𝑃0

𝑟1−𝑟2
) and 𝐵 = (

𝑃1−𝑟1𝑃0

𝑟1−𝑟2
). 

Proof: 

∑ 𝑃𝑘+𝑖
𝑛−1
𝑘=0 𝑃𝑘 = ∑ (𝐴𝑟1

𝑘+𝑖 − 𝐵𝑟2
𝑘+𝑖)(𝐴𝑟1

𝑘 − 𝐵𝑟2
𝑘)𝑛−1

𝑘=0   

 

                      = ∑ 𝐴2𝑟1
2𝑘+𝑖 + ∑ 𝐵2𝑟2

2𝑘+𝑖 − ∑ 𝐴𝐵𝑟1
𝑘+𝑖𝑟2

𝑘 −𝑛−1
𝑘=0

𝑛−1
𝑘=0

𝑛−1
𝑘=0 ∑ 𝐴𝐵𝑟1

𝑘𝑟2
𝑘+𝑖𝑛−1

𝑘=0   

                      = 𝐴2𝑟1
𝑖 (

1−𝑟1
2𝑛

1−𝑟1
2 ) + 𝐵2𝑟2

𝑖 (
1−𝑟2

2𝑛

1−𝑟2
2 ) − 𝐴𝐵𝑟1

𝑖 (
1−(−𝑡)𝑛

1+𝑡
) − 𝐴𝐵𝑟2

𝑖 (
1−(−𝑡)𝑛

1+𝑡
)  

                      =
𝐴2𝑟1

𝑖(1−𝑟2
2−𝑟1

2𝑛−𝑟2
2𝑟1

2𝑛)+𝐵2𝑟2
𝑖(1−𝑟1

2−𝑟2
2𝑛−𝑟1

2𝑟2
2𝑛)

1−(𝑟1
2+𝑟2

2)+𝑡2 − 𝐴𝐵 (
1−(−𝑡)𝑛

1+𝑡
) (𝑟1

𝑖 + 𝑟2
𝑖)  

                      =
𝐴2𝑟1

𝑖(1−𝑟2
2−𝑟1

2𝑛−𝑟2
2𝑟1

2𝑛)+𝐵2𝑟2
𝑖(1−𝑟1

2−𝑟2
2𝑛−𝑟1

2𝑟2
2𝑛)

(𝑡−2𝑠−1)(𝑡+2𝑠−1)
− 𝐴𝐵 (

1−(−𝑡)𝑛

1+𝑡
) 𝑞𝑖 .  
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