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Notes on (s, t)-Pell and (s, t)-Pell Lucas Matrix Sequences
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In this paper, the authors investigated (s,t)-Pell and (s,t)-Pell Lucas matrix sequence in detail
and gave some sum formulas and new identities for these sequences. In one of the studies
about special integer sequences, Gulec, Taskara proved some identities involving the (s,t)-Pell
and (s,t)-Pell Lucas matrix sequences. Their proofs relied heavily on the Binet formula for the
(s,t)-Pell and (s,t)-Pell Lucas matrices which was introduced by them. Our goal in this note is
to reconsider these identities from another viewpoint and use different proof methods. We also
provide other new properties for the (s,t)-Pell and (s,t)-Pell Lucas matrix sequences.
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1. INTRODUCTION

Special integer sequences are very popular in literature. So you can encounter their different generalizations many
times. Both of the most popular of these sequences are Pell and Pell Lucas sequences in literature. You can have detailed
knowledge about them in [1-3]. The authors gave some sum formulas and new identities for Pell and Pell Lucas
sequences in [4,5,11,15]. Special integer sequences are generalized in many different ways. For example, Civciv and
Turkmen carried number sequences to matrix theory and defined the (s, t)-Fibonacci and (s, t)-Lucas matrix sequences
in [6,7]. Gulec, Taskara, studied the generalization of other sequences called (s,t)-Pell and (s, t)-Pell-Lucas sequences
and they represented their matrix sequences in [8]. Uslu, Uygun, defined the (s,t)-Jacobsthal and (s,t)-Jacobsthal Lucas
matrix sequences and their generalizations in [9]. The authors generalized (s,t)-Fibonacci and (s,t)-Lucas sequences
and gave properties of the generalized-(s,t) Fibonacci and Fibonacci matrix sequences in [10]. Uygun studied the
properties of (s,t)-Jacobsthal and (s,t)-Jacobsthal Lucas sequences in [12] and found some sum formulas of (s,t)-
Jacobsthal and (s,t)-Jacobsthal Lucas matrix sequences in [13]. Srisawat and Sriprad denoted (s,t)-Pell and Pell Lucas
numbers by using a special matrix in [14]. The authors studied on generalized Fibonacci and k-Pell matrix Sequences
in [16]. The authors present many new results for (s,t)-generalized Pell sequence and (s,t)-generalized Pell matrix
sequence in [17]. The authors investigated a generalization of the modified Pell sequence, which is called (s,t)-modified
Pell sequence. The matrix method is used to get some properties for some sequences of numbers

Jacobsthal Lucas sequences in [12] and found some sum formulas of (s,t)-Jacobsthal and (s,t)-Jacobsthal Lucas matrix
sequences in [13]. Srisawat and Sriprad denoted (s,t)-Pell and Pell Lucas numbers by using a special matrix in [14].
The authors studied on generalized Fibonacci and k-Pell matrix Sequences in [16]. The authors present many new
results for (s,t)-generalized Pell sequence and (s,t)-generalized Pell matrix sequence in [17]. The authors investigated
a generalization of the modified Pell sequence, which is called (s,t)-modified Pell sequence. The matrix method is
used to get some properties for some sequences of numbers.

The classic Pell sequence is defined as p,, = 2p,,—1+pn—» With initial conditions p, = 0, p; = 1. The classic Pell

Lucas sequence is defined as q,, = 2q,—1+q,—, With initial conditions g, =2, q; = 2.
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Gulec, Taskara defined in [8] the (s, t)-Pell sequence {p, (s, t)}ney and (s, t)-Pell-Lucas sequence {q,, (s, t)}ney for

s, t any real number with s2 4+t >0,n>2ands > 0, t # 0 respectively by

Pn(s,t) = 2spp-1(s,t) + tpn—2(s, 1) 1)
qn(s,t) = 25Gn—1(s,t) + tqn_2(s,t) 2
with initial conditions py(s,t) = 0,p,(s,t) = 1 and qo(s,t) = 2,q,(s,t) = 2s.

The characteristic equation of (1) and (2) is in the form x2 = 2sx + t and the roots of the equation are r, = s +
VsZ+tandr, =s—+s2+t. Note thatr, + 7, =2s, r, —r, = 2Vs2 +t and 1y, = —t. Moreover, it is easily
seen that

qn(s,t) = 2spu(s,t) + 2tpp-1(s, 1) .

Their matrix sequences (s, t)-Pell {B, (s, t)},.en and (s, t)-Pell-Lucas {Q,,(s, t) } ey are defined in [8] for s, t any real
number with s2 +t > 0,n = 2ands > 0,t # 0 respectively by

B,(s,t) = 2sP,_1(s,t) + tP,_,(s, 1) (3)
Qn(s,t) = 25Qp-1(s,t) + tQn—2(s, 1) (4)
with initial conditions

o0 -[} o= Hoawo-[ 2loo-[41t 3]

2. PROPERTIES OF (s, t)-PELL AND (s, t)-PELL LUCAS MATRIX SEQUENCES
Gulec, Taskara proved the following relations for s, t be any real number with s? +t>0,n>2,s > 0andt # 0:

Pn+1(S,t)  pp(s,t) _[ans1(s,0)  qn(s,t)
tPn(s, £) tpn_l(s,t)]’ Qns t)‘[tqn(s,t) En_1(5, )

il Ppin(s,t) = Py(s,t)Pp(s,t) = Py(s, t)P(s, t)
iii.  P,(s,t) = Pi(s,t)"

V.  Pp(s,0)Qnt1(5,8) = Quir (S, )Br(s,t) = Quans1(s,t)
V. Quii(s,t) = Pi(s,t)Qn(s, 1)

Vi, Py(st) = (M) . (M) o

i. PB,(st)=

T -T2 -T2
.. Q1(s,t)-1,Q0(s,t) Q1(s,t)-11Qo(s,t)
Vi, QuCot) = (QEDBE0) (@000

Vili.  Qnia(s,t) = Q1(s, O)Py(s, 1) = Po(s,0)Q4 (s, 0).
In this paper we give some new properties of (s, t)-Pell and (s, t)-Pell Lucas matrix sequences. By these properties
we also derive a number of identities of (s, t)-Pell and (s, t)-Pell Lucas number sequences.

Theorem 1: For n > 0 ,we have

L, L -1,
_ r1—r r-r

PTL(S' t) - r o T r—1_p n-1 (5)
1 2 1 2

rn-r; -

T1 1+1_

-

Proof: For n =1 the assertion is true P;(s,t) =

,1+1 J1or,
it ‘ (247 =[% o] For B, the

r1—T2
. . 1 1
eigenvalues are r; = s +Vs?2 +t and r; = s —Vs? + t . The eigenvectors of ryand r, are [ . ] and [ - ] P; can
-2 -

be denoted by



P _ 1 [ 1 1 ][Tl 0][_T1 _1
1_—7”1+T2 -1, —n]l0 nlln 1

__1 £} D) ][—T‘l -1

—rn I, Nl n 1
e 2 2 _
1 [ ne+n r1+7”2]_[25 1]
—T1+72 rlzrz - T1T22 rlrz - rlrz t O '

Then by using the property P, = P, it is obtained that
P_[l 1”r1 0][1 1]‘1n
n - _rz —T‘l 0 TZ —1’2 —1’1

o [1 1Hr1n o][—r1 1
- —T1+T'2. _rz —T‘l 0 T- n TZ 1

_ 1 [ _r1n+1 + r2n+1 _rln + rzn ]
—T1t72 ’ rlrzrzn - T1T2T1n Tlrzrzn_l - rlrzrln_l
1 [r1n+1 _ r2n+1 T.ln _ T.Zn ]
=2 tT’ln - trzn tT‘ln_l - trzn_l
r1n+1_.r2n+1 rln_rzn
_ - -
- trln_rzn rln—l_rzn—l .
T1—T3 T1—T2

Corollary 2: We obtain the Binet’s formula for (s, t)-Pell number sequence as

rt-r"

Pn =

Ty

Corollary 3: We obtain the Binet’s formula for (s, t)-Pell Lucas number sequence as
qn =1" + 1"

Proof: The relation between (s, t)-Pell and (s, t)-Pell Lucas sequences is used:

Gn = 2Spp + 2tpp_4

-7, n-1_, n—-1

=252 +2t2

r1—T2 ri—T2

(25+2—t)r1n—(2$+2—t)r2n
— 1 r2

2

r-r

2srq1+2t 2srp+2t
( 1 )r n_( 2 )Tz"
— T T2

r1-T2

By the definitions of ry, ,, we have

(rl(r1+r2)—2r1r2)r n_(rz (r1+r2)—2r1r2)r n
T1 1 T2 2

LS l)

T12—T1T2 o r22—r1r2 1
T1 1 T2 2

-T2
2 2
o= n 2" =111 n
) T\ T2
r1(r1—"72) T2(r1—72)
T12=117" T,2—11T:
_ (" 12}, n_ (T2 172) .. n
- 2 1 2)'2
Tr1°-T112 T112—T2

= Tln + 1,.27’1

Theorem 4: Forn € Z* and x € R, we have the following formulas for (s, t)-Pell and (s, t)-Pell Lucas sequences

n P -k 1 _
— X =
Zk—l k xM(x2-25x—t)

1
(x2-2sx—t)

[xQn+1 + th] +

[xPn 1 + tP,] + [xP; + (x? — 25%) Py]

1

n -k — _ -
Zk:l Qi x T xM(x2-2sx—t)

1
oy Xt (x? = 25x) Q.



Corollary 5: For (s, t)-Pell matrix sequence, the following is obtained:

YO Pex k= ———[xP, + (x2 — 25%)P,].

(x2-2sx—t)

Corollary 6: For (s, t)-Pell sequence, the following is derived:

X

[e] -k
— X =
Zk_l Pk (x2-2sx-t)

Proof: It is known that by Corollary5 and the Property 3-i.

pn+1(51 t) Pn(S; t) ]
tpn (S, t) tpn—l (S, t) '

Using the equality of the matrices, we get

B,(s,t) =

1
zpkx_k =m[xpl + (x2 - ZSX)P()]

ﬁ[ 2 g+ e -2y )

_ 2sx + x? — 2sx X ]
(x2—2s%—t) tx x2% — 2sxt

Corollary 7: For (s, t)-Pell Lucas matrix sequence, the following is obtained:
1

=1 CQk x = e [xQy1 + (x* = 25x)Qy].

(x2-2sx—t)
Corollary 8: For (s, t)-Pell Lucas sequence, the following is derived:

k _ 2x%*-2sx
(x2-2sx—t)"

Yk=1qk X~
Proof: It is easily seen that by using Corollary 7 and the property 3-i.
Theorem 9: For |rfr~*x| < 1, let be r is any odd positive integer and A = (%) B = (% )

112 112

The following sum formula is satisfied:

r-1
@ PrA=Y7 [(—1)k(;)ARBk

AT_Zk—BT_2k+(—t)k(BT_ZkT{_Zk—Ar_ZkT{_Zk)x
1=(=t)*qr_ppx+(~t)"x? '

Let r is any even positive integer, the following equality derived:

X ''1 Ar—zk_Br—2k+(_t)k(Br—zkrr—zk_A‘r—zkrT—Zk) AT/2(—gT/2
_ k(T gk pk x r (-B"2)
2P x = B [CDr(ats ]+ ()

1=(=)*qr_ppx+(=)Tx2 r/2) 1-(-t)"/2x

Proof: By Binet formula of (s, t)-Pell matrix sequence P, = A.1,™ — B.1,", we get
Tio(4n' - Bry) x! = ?io( k=0() (4 rli)k (_Brli)r_k) x!
Sho(2) () (~BY* T2y Fx)'
Zeeo( A (=B * —
If r is an odd positive integer, then we have

1- r r X
r—1
- WkEBrk @ k(-B)k
:Zkzzo(Z)( krk +1rrkk )

1-rim,

r—-kpk kpr—k
( 1)k(k)( ATkBZk Aszrk)

1-ryr.

k AT kBk_AkBr k+(AkBT k r k k —AT kBkaTT k)x
( D (k)( 1—(rkr]~* 4Tk )x+(r1r2)rx2 )

Z =t ( 1)k ) Ar—kgk_ 4kpgr- k+(rlrz)k(AkBr 2% r 2k_ gr— kBk r— Zk)x
— 4ig=0 k 1=(ryr)*(rf =% 47T~ 2k)x+(r1rz)rx2



k Ar_kBk—AkBr_k+(—t)k(AkBr_kTI_Zk—Ar_kBkTZT_Zk)x
Z ( D (k) ( 1= (=% (r7 2K 41T 72K+ (~t)Tx2

Ar‘Zk—Br‘k+(—t)k(BT‘Zkr{‘Zk—AT‘Zkr{‘Zk)x
1= (=Okqr_zpex+(=t)"x?

Z ( 1)k( )AkBk (
If r is an even positive integer, then we have,
(A)k( B)"™~ k (A)r k( B)k r Ar/z(_Br/z)
O(k) ( 1—rkr]kx T 1T Rk )+ (r/Z) 1-(—t)"/2x
——1 Ar—kBk AkBT k Ar/z(_Br/z)
2 _ k(T T
k=0( D (k) (1—r{‘kr2kx + 1-rfr7k ) + (T/Z) 1-(-t)"/2x

2—1( 1)k(r) ATkBky akpr—k_(akpr-kpT—kyky gr-kplpkyr—k)x ( r )AT/Z(—BT/Z)
1_(7”1kr2r_k+r1_krzk)x"'(ﬁrz)rxz r/2) 1-(-t)"/2x

(_1)k (T) Ar_kBk+AkBr_k—(—t)k(AkBr_ka_2k+Ar_kBkT§_2k)x
k 1=(=t)*(r) 72K T 2K )yt Tx2

NENLCD
r/2) 1-(-)"/2x
_1\k(T\ sk kAr—zk_Br—2k+(_t)k(Br—zkrlr—zk_Ar—zkrzr—zk)x
B =
o ()2
r/2) 1-(-t)"/2x

Theorem 10: For |rfr] ~*x| < 1, let be r is any odd positive integer and X = (@) Y = (M).The following

1712 1712

sum formula is satisfied:

k k k Xr—zk_Yr—2k+(_t)k(yr—zkrlr—zk_xr—zkrzr—zk)x
1Ql X = ZZ [( D (k)X 1-(=)*qr_px+(~t)"x? .

Let r is any even positive integer, the following equality obtained:

5_1 [(_1)k(T)Xkyk Xr—zk_yr—zk+(_t)k(Yr—zkrlr—zk_Xr—zkrzr—zk)x] ( r )Xr/z(_yr/z)
k=0 k

i1 Q0 X' = 1= (—O*qy _pprt(—D)7 %2 r/2) 1-(=t)/2x
Proof: The Binet formula of (s, t)-Pell Lucas matrix sequence is Q, = Xry™ — Yr,™.

We get the desired result by the same procedure and using Theorem 9 and property vii.

In [8], the authors already gave sum formulas by using Binet formula as

Z p __ Pinak+jt(= 0k Pjg—(— 0k Pnyj—Pj
k=1 ki) (@)K +(x) k= (-0)k -1

0 _ Qrntitj (=0 Qi k= (= Qins j=Q
=1 kit ™ ()R + () =~(-0)k -1

In the following theorem, we present partial sums of (s, t) —Pell matrix and (s, t) —Pell Lucas matrix sequences by
using a different proof method.
Theorem 11: The partial sum of (s, t) —Pell matrix sequence for 2s + t # 1 is given in the following

n op — 1 Pns2 ttPpe1 — 25—t Pn+1 +tpn — 1
k=1"k = 2s+t-1| t(ppyr +tpn—1) t(pp +top—1 — 1)

Proof: Let S, = Y-, P,. By multiplying P; both of the sides of the equality and Proposition 3(ii), we get

SpPy =Py + Py + Py + -+ Pyyq.
By adding P; both of the sides of the equality, it is obtained that

SpPi+ Py =P +Py+Py+ P+ -+ Py

SpPy+ Py =Sy + Poiq

SpPr—Sp = Ppyr — Py

Sn(Py— Py) = Ppyy — Py

The inverse of P; — P, is available for det(P; — Py) =1 — 2s —t # 0. Then we get



Sp = (Ppy1 — PPy — Pp) !

By using the following equalities

o _[2s—-1 1 5 _ [Pne2—2s pn+1—1]
Pﬁ Fb —'[ ¢ __1]! Ph+1 FH - tpn+1 —t tpn
and

B L 1 -1 -1 1_ 1 1 1
(P, — Py) _—Zs—t+1[—t 2s — 11 7 2s+t-1 [t 1—251'
we get

Sp = IZ;::I__ZE Pn;;)n_ 1] (25+1t—1) [% 1 —125]

— 1 Pns2 T tPni1 — 25—t Ppip + (1 - 2S)pn+1 -1
2s+t-1 t(Pne1 Htrn— 1) t(Pn+1 + (1 —28)p, — DI

Corollary 12: The partial sum of (s, t) —Pell number sequence for 2s + t # 1 is given in the following

Pnt+1ttpn—1
2s+t—-1

Proof: It is proved by the equalities of the matrix sequences and from Theorem 11.

Zk 1Pk =

Theorem 13: The partial sum of (s,t) —Pell Lucas matrix sequence for 2s +t # 1 is given in the following
k=1 Qrs1 = (aij)a

1

e [Pnia + tPpis + 25tpnyy — 4s2(2s +t) — 2st — t? — 1]
1 2

e P— [Pr+s + tPpyp — 4s* — 25t — t]
1

R [tPnss + t?Ppsz + 2Pn4s + 3Py — 457t — 25t% — 2¢7]
1 2 2 3 2

Az = m[tpmz + t°Pnia +U°pp + £ pp_q — 457t — 2st — 2t]

Proof: By using Q.1 = Q1P and Theorem 11, we get
Y_ Q0 45 +t ZS] 1 Pn+z + tops1 — 25—t Pns1 Htpn — 1
k==l ost 2tdzsve-r| t(ppatton— 1) t@p+tpp — 1)

1 =51 [452(Pns2 + tPps1 — 25 = t) + t(Ppaz + tPpe1 — 25 — t) + 25t(Ppyr + tpp — D]

= 5 [Pn+a + tPnsz + 25tPpsz — 4s2(2s +t) — 2st — t? — 1]

aip; = P ((452 + ) (Pp41 + ton — 1) + 25t(py + tPp_1 — 1))

1
Zs+t 1 [pn+3 + tPni2 — 4s5% — 25t — t]

az1 = m [25t(Pns2 + tPnsr — 25 — ) + 2% (P + tpy — 1)]

[tpn+3+t pn+2+t pn+1+t Pn —4s t_25t2_2t]

Zs+t 1
A2 = 5= @StPnia + P = D+ 26%(Pn + tPp = 1)
1
= ostt—1 1[tpn+2+t Dns1 + t2py + t3pu_1 — 45t — 25t — 2t].

Corollary 14: The partial sum of (s, t) —Pell Lucas number sequence for 2s + t # 1 is given in the following

1
2s4t—1 [pn+3 + tpn+2 - 45 —2st— t]

Yk=1Gk+1 =
Theorem 15: Let2s + ¢ # 1and 2s — t # 1, then for S,,, = X_; Poy = (a;;) we get



1

M= st t—D@s—t+ 1)
1

M2 = st t—D@2s—t+ 1)
t

21T st t—D@2s—t+ 1)
t

22 = s t—D@2s—t+ 1)

Proof: The proof is made in a similar way in Theorem 11.

(Pan+3 = tP2ns1 — 45> +t% — 1),

(Pan+2 — t2Pan — 25),

(Pan+2 — t2Pan — 25),

(Pan+1 — t*Pan—1 — 1 +t).

Corollary 16: The odd and even elements sums of (s, t) —Pell sequence for 2s +t # 1 and 2s — t # 1 are given in

the following:

1
Yk=1P2k+1 = Gorimpaemern Pants ~ thant1 — 4s?+t2 —t)

1
Yk=1P2k = Gorrpae—ay Pentz = t'Pan — 29).
Theorem 17: For (s, t) —Pell matrix sequence, the following equality is satisfied:
i — n
n=1(7il)Pirxl = 2:0(2)‘“(_3)}c (1 +mkry7*x)

where 4 = (w) and B = (m).

=12

=T

Proof: By using the Binet formula of (s, t) —Pell matrix sequence, it is obtained that
Lo(DPF ' = Sio(An' - Bry!) «f
= Zio(}) Zheo(R) (An ) (=Bro) " x!
E:o(;)(A)k(—B)r_k ZE:O(?)(lerzr_kx)i
= Troo(R) (*(=B) ™ (1 + rykry k),
Theorem 18: The partial sum of the product of the consecutive elements of (s, t) —Pell matrix sequence for i € Z,

t —2s # landt+ 2s # 1is given in the following

Azrli(1—1"22—rlzn—rzzrlzn)+32r2i(1—r12—r22"—r12r22") — 4B (1—(—t)") a
i

n—-1 —
Zk:o Pryi P = (t-2s-1)(t+2s5-1) 1+t

where 4 = (w) and B = (m).

ri—T3 -1y
Proof:
YR=0 Prri P = X2 (A fH— k+l)(AT1 Brzk)

Z k+l + Z 2k+l _ Z ABT‘lk'HTZ Z ABT‘1 k+1
o if1-1E o i (173 1-(=" 1-(=0"
_Ar(1 )+B (1—2) ABr ( 1+t ) ABr ( 1+t )

_ Ari(1-rd-rEt—rZr2™)+B%ri(1- rl_rzzn_rlzrzzn) 1-(-"
- 1-(r2+72)+t2 ( 1+t ) ri+1)

_ Azrli(l—rzz—rlzn—rzzrlzn)+32r2‘(1—r12—rzzn—rlzrzzn) (
- (t-2s-1)(t+2s-1)

1+t )
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