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In this study, we define new generalizations for Jacobsthal and Jacobsthal Lucas sequences called

p(x)—Jacobsthal and p(x)—Jacobsthal Lucas polynomial sequences where p(x) is any real valued

polynomial.

these sequences.

We get the Binet formulae, generating functions, and some important properties for

And then we describe a matriz whose elements are of p(x)—Jacobsthal terms.

By using this matriz we derive some properties for p(x)—Jacobsthal and p(x)—Jacobsthal Lucas

polynomial sequences
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I. INTRODUCTION AND PRELIMINARIES

Special integer sequences are encountered in different
branches of science, art, nature, the structure of our
body. So it is a popular topic in applied mathemat-
ics. Generalization of special integer sequences has been
studied by many researchers by using various approaches,
such as changing the initial conditions or adding new pa-
rameters to the recurrence relations, changing the recur-
rence relation with respect to parity of index n. There
are so many studies about Fibonacci numbers (the first
known special integer sequence). A generalization of Fi-
bonacci numbers, the Fibonacci polynomials are stud-
ied by Catalan and defined by the recurrence relation
Fo(x) = xFy_1(x) + F—2(x), Fy(x) =0, Fi(x)=1. Simi-
larly another generalization sequence, the Lucas polyno-
mials are defined by [,,(x) = xl,,-1 (x) +1,,—2(x), lo(x) =2,
I1(x) = x . Swammy in [10] defined the generalized Fi-

bonacci and Lucas polynomials and their diagonal poly-
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nomials. In [11] Catalini gave some properties of bivari-
ate Fibonacci and bivariate Lucas polynomials. Djordje-
vic considered the generating functions, explicit formulas

for generalized Fibonacci and Lucas polynomials in [12].

Our paper is about Jacobsthal and Jacobsthal Lu-
cas numbers. So first of all we want to give the recur-
rence relations for Jacobsthal and Jacobsthal Lucas se-
quences as j, = ju-1 + 2jn-2, jo =0, j1 =1and ¢, =
Cn-1+ 2Cn-2, ¢ =2, ¢1 =1 for n > 2, respectively in [3].
There are some generalizations of these integer sequences.
For example,; the Jacobsthal and the Jacobsthal Lucas
polynomial sequences sequences are defined recurrently
by jn(x) = ju-1(x) + 2xjp-2(x), Jjo(x) = 0, ji(x) =
1, n > 2 and ¢,(x) = o1 (x) + 2x¢,-2(x), o =
2, ¢4 =1, n > 2 in [5]. And another generaliza-
tion of Jacosthal sequences is given in [7] as j,(s,7) =
Sjn-1(8,1) + 2tjn-2(s,1), Jjo(s,1) = 0,
cn(s,t) = scp_1(8,t) + 2tcy—2(s, 1), co(s,t) =2, c1(s, 1) =1

ji(s,t) = 1 and

for n > 2.

The object of this paper is to define a new general-

ization of Jacobsthal and Jacobsthal Lucas sequences by



using polynomials as called p(x)-Jacobsthal polynomial
Jpn(x) and p(x)-Jacobsthal Lucas polynomial Cp ,(x)

and record some basic properties of J, ,(x) and Cp ,(x).

II. THE P(X)-JACOBSTHAL AND
P(X)-JACOBSTHAL LUCAS POLYNOMIALS
AND THEIR PROPERTIES

Definition 1 Assume that p(x) is a polynomial with real
coefficients and n > 2 any integer. The p(x)-Jacobsthal
polynomial {J,,,n(x)}neN sequences are described by using

the following recurrence relation

Jp,n(x) = p(x)]p,n—l(x) + 2Jp,n—2(x) (2'1)

with initial conditions are Jpo(x) = 0, Jpi1(x) =

Se-

1,and p(x)-Jacobsthal Lucas polynomial {CP’"(x)}neN

quences

Cpn(x) = p(X)Cpn-1(x) + 2Cp n-2(x) (2.2)

with initial conditions are Cpo(x) = 2, Cp 1(x) = p(x).

Initially, the polynomials are defined for only positive
terms but their existence for n < 0 is readily obtained,

yielding

Jp,fn(x) = _Jp,n(x)/(_2)n’
Cp,—n(x) = Cpn(x)/(=2)".

The first some terms of p(x)-Jacobsthal polynomials
are Jp1(x) =1, Jpo(x) = p(x), Jp3(x) = p*(x) + 2
Ipa(x) = p(x) +4p(x).

And the first some terms of p(x)-Jacobsthal Lucas
polynomials are Cp1(x) = p(x), Cpa(x) = p*(x) + 4,
Cp,3(x) = pP(x) + 6p(x), Cpa(x) = p*(x) +8p*(x) +8.

Special numerical choices for p(x)-Jacobsthal poly-
nomial and p(x)-Jacobsthal Lucas polynomial are: If
p(x) = 1, then we get classic Jacobsthal and Jacob-

sthal Lucas sequences. If p(x) = k, then we get classic

k—Jacobsthal and k—Jacobsthal Lucas sequences.The
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characteristic equation of recurrence relation for p(x)-
Jacobsthal polynomial and p(x)-Jacobsthal Lucas poly-

nomial is
2
r? = p(x)r-2=0.

The roots of the characteristic equation are

p(x) +/p?(x) +8 p(x) —/p?(x) +8

a(x) = 5 . Bl = >
(2.3)
with the following properties
a()+B(x) = p(x),  a@()-BXx)=4p?()+8,  a(x).f(x)=-2.
(2.4)

Lemma 2 The Binet formulas for these sequences are

_a(x) = p"(x)
Jp,n(x) = a(—x) ~B(x) , (25)
(2.6)

Cpn(x) = " (x) + " (x).
Proof. The proof is obtained easily by using the values

of the first two terms of J, ,(x) and Cp ,(x). ®

Theorem 3 (The generating function) Let i,j any
ﬂi(x)t| < 1. Then

natural numbers and |ai(x)t| <1 and
the generating functions of these sequences for different

indices are obtained as

N n I i)+ (=2)/ Ty i (01
J, in+j = n ) 27
nZ:;) pin+j (X1 =G+ (<2 2 (2.7)

- Cp,j(x) = (=2)/ Cp,i—j ()1
Coimei ()" = 2 pizj O o
HZ:O pin+j(X)1 =G+ (D) 12 (2.8)

Proof. By using Binet formula for p(x)-Jacobsthal poly-

nomial sequence, we get

0

Z ain+j(x) _ ﬁin+j(x) o

ij,in+j(-x)tn =
n=0

= al) =B
1 jad I\ i N
S af; (a'r) —B’Z;) (1)
~ 1 [ ot ~ lgj ]
Cax) - B [1-ai(x) 1- B (x)t

|

(/) = B1(x)) + (=2) (' (x) = B (1)) 1

a(x) = B(x) (1 -t (i (x) + B1(x)) + 12 (-

Jp i (X) + (=2) T i ()1
1= Cpi(x)t+(=2)72

2)i )



The other part of the proof is done by using the same
method. ®

Some examples for different values of i, j are given as

D =

2 - p(x)t
ZCP W = S o
p(x)t
ZJP O = T T DT A
L — (p(x) +4)1
ZC” (" == 17 (p2(x) + D)1 + 4r2
Z] o 1-2¢
poanst (7 = 37 (p2(x) + )1 + 4%
p(x) +2p(x)t
ZCP 2o O = T o 7 a2

Theorem 4 (Explicit closed form) Let n > 1

|25*) 2
Jpm(x) =270 3 ( 2_" ) )(p(x))”” (\/p2(x)+8) (2.9)
i=0 1+
1%
Cp.n(x) =2 ( )(p(x))” 2 (P20 +8)' (2.10)
i=0
Proof.

" (x) - " (x) = [(p(x) + Jp?(x) +8)" = (p(x) = y[p2(x) + 8)"]/2"
i | (WPPEF8)
- (-VPP +3)'

L 2i+1
= Z ( )(p(x»" 2 (\/p2<x)+8)

" (x) = B"(x)

Jp,n(x) =

a(x) - B(x)
(e 2i
=27 ) ( 2.’1 . )(p(x))"‘”‘1 (\/p%c) + 8)
i=0 l

a” (x) + B"(x) = [(p(x) + /P2 (x) + 8)" + (p(x) = [P (x) + 8)"]
Zn: oot | (PO

= +(-VpZ@) +8)’

L5

=2 ( )(p(x))" 2 (p2) +8)'

i=0
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Theorem 5 We can also find explicit closed form by us-
ing the generating function for J, ,(x) and Cp,,(x). Let

n > 1 any integer,

L=l
Jp,n(x) = Z (
i=0

L5]

Cp,n(x) =
i=0

o )(p(x))"”’?" (2.11)

[N

n—i ;

~ ( ! fi )(p(x))"'”?i (2.12)
Proof.

Zojp,n(x)tn = ]-_p(xtw = t;) (p(x)t + 2l2)n

=y ( " )(p(x)t)"i (22)'
n=0i=0 \ !
_ ZZ( n )(p(x))n—i oi i+l
n=0i=0 \ !
o [ 5] _
_ Z ( n ’ 1 )(p(x))n—2i—1 o n
n=0 i=0 l

From the equality of both sides, the desired result ob-

tained. m

Corollary 6

dp(x)

dCpn(x)
— = () ——

dx
Proof. From (2.12), we get

2] ;
dCpn(x) no(n-i n-2ioi
— —(;n_i( i )(p(x)) 2)

_ dpn) " nin - 20) ( e )(p(x))n_zi_12i
l

’

dx on—i

Lz
_ dp(X) n(n—Ql)(n ) n—-2i-1oi
T odx Z:(n—l)(n 21)"( e ’
L 25 .
_ dp(x) n(n—i-1)! n—2i-1oi
R ; =2 =y P2
L 25 -
dp(x) n—1-i n-1-2ioyi
-2 Z;‘ ( i )n(p(x)) 17202

]
(Important Relationships)
Important elementary relationships involving Jp ,(x)

and Cp, ,(x) follow with the aid of (2.1)-(2.6)
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a) Jpn(X)Cpn(x) = Jp 24(x), Proof. By using Binet formula, we have

Jp,m+1 (X)Jp,n(x) - Jp,m(x)Jp,n+1(x)

b) Cpn(x) = Jpns 2pn1(x) = p(X)dpn
) Con) ponet () 4 2lpn1 (1) = pLOTpnlx) + _ ™ (x) = Y (x) @ (x) = B(x)

4Jp,n-1(x), a(x) — B(x) a(x) — B(x)
_a"() = () @™ () - fM ()
c) (PQ(X) +8)Jp,n(x) = Cppr1(x) + 2Cp p-1(x), a(x) — B(x) a(x) - B(x)
B 1 a” (x) B (x)(a(x) — B(x))
D P Ipn () + Cpn(x) = 2Ip i () @) =B | ~a" ()" () (@) - )
1
e) (P2(x) + 8)Jp.n(x) + p(X)Cpn(x) = 2Cp 11 (), ) [((@(x)B(x)" (a(x)"™" = B(x)"™™)]
1 m n-m _ n-m
£) VPP + 80 (1) + Cpn () = 20, = a0 - pon (T2 T AT

The D’ocagne’s property for p(x)- Jacobsthal Lucas

2 _ — n
8) VP*(X) +8Jp.n(x) = Cpn(x) = =25, polynomial sequences can readily seen by using the same

9 5 method. m
h) Cp,n+2 (x) + 2Cp’n+1(x) = Cp,2n+4(X) + 2Cp 2p12(X),

Theorem 8 (Catalan’s property)
) 2,00 (0 + 202,,(0) = Jpamir (0).
Assume that n,r € Z*. For p(x)- Jacobsthal and p(x)-

i) Cpon(x) = J,an(x) (p2(x) + 8) +2(-2)" Jacobsthal Lucas polynomial sequences, we have
k) C2,,(x) = Cp2n(x) +2(-2)" Tpsr ) pner () = I (2) = =(=2)""J5 . (%)
D) (P2(0) +8) J3,4(0) = Cpzn(x) —2(=2)" Cpanr () Cpunmr (X) = C2,,(x) = (=2)""J2 . (x) (P*(x) + 8).
m) Cp3n(x) = Cpp(x)(Cpoan(x) = (=2)") Proof. The proof is readily obtained by Binet formula.
[

n) jp,Sn(x) = -Ip,n(x)(cp,Qn(x) + (_2)n)
Theorem 9 (Cassini’s property or Simpson prop-

0) C2,,(x) = (P*(x) +8)J2,(x) = 4(-2)" erty)

For n € Z*, we have
p) ‘I[%’,H_l(-x) - 4J3’n_1(x) = p(x)JIp,2n(x).

Tpns1 () p o1 (x) = T2 (%) = =(=2)""
Theorem 7 (D’ocagne’s property)

Let n > m and n,m € Z*. For p(x)- Jacobsthal and ) nel, 2
. Cpn1(X)Cpn-1(x) — Cp, , (x) = (=2)" " (p°(x) + 8).
p(x)- Jacobsthal Lucas polynomial sequences, we have
We get these properties by substituting 1 for r in Cata-
Jp,m+1(x)Jp,n(x) - Jp,m(x)Jp,n+1(x) = (_2)m]p,n—m(x)- lan property.

Theorem 10
Cp,m+1 (X)C,,,,l (x) = Cp,m(x)cp.nJrl (x) = —\lp2(x) + 8(_2)mcpvn7m (x).

Cpuan(x) + 221 = (p%(x) + 8)J7 , (x)

2Cp,2n (x) = (P2(x) + 8)Jp,n+l(x)-]p,n—1(x) - Cp,n+1(x)cp,n—l(x)



Proof. The proof is readily obtained by Binet formula.

Theorem 11 By this theorem we get new relations be-
tween the roots a,B and p(x)- Jacobsthal and p(x)-

Jacobsthal Lucas polynomial sequences.

a"(x) = a(x)Jpn(x) +2Jp no1(x),

B"(x) = B(xX)Ipn(x) + 2Jp,n-1(x),

P2 (x) +8a" (x) = @(x)Cp,n(x) +2Cp n-1(x),
_\}pz(x) + 8,Bn(x) = ,B(x)cp,n(x) + 2Cp,n—1(x)-

Proof. We prove by using Binet formula and the product
of the roots,

ﬁ(x)‘lp,n(x) + 2jp,n—1(x)

() - x) " ') =g ()

=B(x) a(x) — B(x) @)~ B0

- e B @ - 2 (@ - )]
- m (‘2""_1()‘) —B" 1 (x) + 22" M (x) - 2ﬁn—1(x))
- 0 (0 )

Other proofs can be done by using the same way. =

Theorem 12 For p(x)- Jacobsthal polynomial se-

quences, we get

Jp,4n+k (x) - 22nnlp,k (x) = Jp,2n (x)Cp,2n+k (x),

Tpoan+k (X) + 22" T 1 (X) = Cpoon (X)Jp 2n 4k (X),

Jp,3n+k(x) -(=2)" -Jp,n+k(x) = Jp,n(x)cp,2n+k(x)’

Jp,3n+k (x) + (_2)n 'Jp,n+k (x) = Cp,n(x)-]p,2n+k (x),

where n > 1, p > 0.
It can be proved by using Binet formulas as the follow-

ing theorem.
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Theorem 13 For p(x)-Jacobsthal Lucas polynomial se-

quence, we have

Cp,4n+k(x) - 22n'Cp,k(x) = (PZ(X) + 8)Jp,2n(x)-]p,2n+k(x)a

Cp,4n+k (x) + 22"-Cp,n(x) = Cp,2n(x)cp,2n+k(x)’

Cp3n+k (X)=(=2)" .Cp sk (x) = (P> (X)+8) I, (X) T 24k (%),

Cp,3n+k (x) + (=2)" Cp,n+k (x) = -Cp,n(x)-cp,2n+k (x),

Theorem 14 Assume that Ag(x) = [0] and A,(x) is a

nxn tridigional matriz defined as

(1 i
0 p(x) i
i pkx) .

Ay(x) =

i

i p(x) |
where i = V=1 and n > 0. Then

det A, (x) = Jpn(x).

Proof. The proof is made by mathematical induction
method. For n = 0,1, we have det Ag(x) = Jpo(x) =0
and det A; (x) = J,1(x) = 1. Assume that det A,_1(x) =
Jpn-1(x), det Ap(x) = Jp ,(x) for n > 2.

det Apy1(x) = p(x) det Ay (x)~2i2 det Ap_1(x) = p(x)p,n (X)+2] -1 (X).

Theorem 15 Assume that B,(x) is a nxn tridigional

matriz defined as

(2 2
0 p(x)/2 2i
i p(x) .
By (x) =
2i
i p(x) |




where i = V-1 and n > 0. Then
det B, (x) = Cp n-1(x).

Proof. The proof is obtaied by using the proof of The-

orem 14. m

III. MATRIX FORM OF p(x)-JACOBSTHAL
AND p(x)-JACOBSTHAL LUCAS POLYNOMIAL
SEQUENCES

We demonstrate that the matrix

x) 2
gy =" (3.1)
1 0
generates p(x)-Jacobsthal polynomials and p(x)-

Jacobsthal Lucas polynomials, use it to deduce some

identities of these polynomials.
Theorem 16 Let n is a positive integer. Then

Jp,n+1 (x)

Jp.n(X)

J) =

" (3.2)

2Jpn(x)
2Jp,n—l ()C)

Proof. We use induction method for proof. We can
easily see the assertion is true for n = 1. Assume that the
statement is true for m < n. We want to show the result

is also true for n + 1.

Jn+1 —J"] _ Jp,n+1(x) 2Jp,n(x) P(x) 2
p —pUr T
Jpn(x) 2Jp5-1(x) 1 0
_ Jp,n+2(x) 2Jp,n+1(x)
Jp,n+1(x) 2Jp,n(x)

From this theorem we can write the following property

for p(x)-Jacobsthal polynomials m

Jp.n+1(x) —gn
—p
Ip.n(X)

; ]
. (3.3)
0

We can write similar property for p(x)-Jacobsthal Lucas

polynomials as the following

p(x)
2

(3.4)

Cp,n+1(x) _ J;
Cpn(x)
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Corollary 17 Let m,n > 0, then

Jp,m+n+1(x) = Jp,n+1(x)~]p,m+l(x) +2Jp,n(x)~]p,m(x) (3'5)

Proof. The proof is made by using the property of

Jprt = JptJ, and equality of matrix. m

Corollary 18
Jp,n+m(x) = ]p,n+1(x)Jp,m(x) + 2]p,n(x)]p,m—1(x)
Cp,m+n(-x) = Cp,n(x)Jp,m—l(x) + 2Jp,m(x)cp,n+1(x)

Proof. We also can see the truth of the relation by using
the Corollory 17. We want to use another method for
the proof by using (3.3)

Jp,n+1(x)]p,m(x) + 2Jp,n(x)~]p,m—1(x)
Jp,n+1(x) ]

= o 2Jp,m_1<x>][ .
| -

I 1
=1 Jp,m(x) 2Jp m-1(x) ] Jp [ O]

i 1
— m+n—1
__1 0]]p+n [O\

= p,m+n(x)
and
Jp,m(x)cp,n+1(x) + 2Cp,n(x)-]p,m—1(x)
[ Cp,n+1(~x)
= Jp,m(x) 2Jp,m—1(x]
- Cp,n(x)
[ o | P(X)
= Jp,m(x) 2Jp,m—1(x ] Jp
— -1 O]Jm+n—1 p(x)
I P 2
= p,m+n(x)
| ]

Corollary 19 Let n > 0, then
Tpns1 () pno1(x) = T2 (x) = =(=2)""!

Proof. det(J,) = -2 . Then det(J;) = (-2)" =
2(Jp,n+1(x)1p,n—1(x) - Jg,n(x)) u



Theorem 20 The inverse of J,

Jp,n+1 (x) 2Jp,n(x)
Jp,n(x) 2Jp,n—1(x)

J;" =

Theorem 21 The eigenvalues of J; are a"(x) and

B"(x).

Proof.

det(J; - Al)

J x)—A4 2J X
— det p,n+1( ) p,n( ) -0

Jp,n(x) 2.]17,"71()()—/1
= /12 - /I(Jp,nJrl(x) + 2.]]7,"71()()) + 2Jp,n+1(x)~]p,n71(x) - 2J12),n(x)

=22 = ACp, n(x) + (-2)"

The roots are found from the important relationships
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in f) and g)
2
@™ (x) = Cp,n(x) + /P Q(X) + 8Jp,n(x)
ﬁ"(x) _ Cp,n(x) - P22(x) + 8]p,n(x)
]

Corollary 22 We offer two relationships that can be de-
scribed as being of the Moivre type by using the important
relationships f) , g)

P2 (x) + 8Jp n(x) + Cp,n(x)} =2"a""
=21 [\hﬂ(x) +8Jp.r (x) + C,,,m<x)]
[\/p%c) +8Jp,n(x) - cp,n<x>] = (-2)"B""

=2 [\/p%o +8Jp,nr (x) - cp,nr<x)] :

When p(x) = 1 this property reduces to the following

form

3Jn+Cp " 3Jur +Cpy
2 B 2
|:3Jn - Cn]r _ Cnr _3Jnr

2 2
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