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In this paper, we introduce some separation axioms on double topological spaces and some relation between

them.
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I. INTRODUCTION

Atanassov [1-4] introduced the concept of intuition-
istic fuzzy sets as a generalization of fuzzy sets. Coker [6]
generalized topological structures in intuitionistic fuzzy case.
The concept of intuitionistic sets and the topology on intu-
itionistic sets was first given by Coker [5, 7].

Flou set stems from linguistic considerations of Yves
Gentilhomme [9] about the vocabulary of a natural language.
The mathematical definition of flou sets and binary operations
on it are introduced by E. E. Kerre [12].

In 2005, the suggestion of J. G. Garcia et al. [8] that dou-
ble set (D-set, for short) is a more appropriate name than flou
(intuitionistic) set, and double topology (DT, for short) for the
flou (intuitionistic) topology. Kandil et al. [10, 11] introduced
the concept of D-sets, double point (D-point, for short), dou-
ble topological spaces (DTS, for short) and continuous func-
tions between these spaces.

In this paper, we generalized some of separation axioms on

DTS. Moreover, we give the relationship between them.
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II. PRELIMINARIES

In this section, we collect some definitions and theo-
rems which will be needed in the sequel. For more details see

[10, 11].
Definition II.1 /1] Let X be a nonempty set.

1. A D-set A is an ordered pair (A1,Az) € P(X)XP(X)
such that Ay C A,.

2. D(X)={(A1,A2) € P(X)XP(X),A| C Ay} is the family
of all D-sets on X.

3. Let n,m2 C P(X).
noted by Ny XMy, defined by: N1 <My = {(A1,A2) : Ay €
n17A1 S n2aA1 QAZ}

The product of M and 1M, de-

4. The D-set X = (X,X) is called the universal D-set.

5. The D-set @ = (0,0) is called the empty D-set.

Definition IL.2 /1] Let A = (A1,A3),B = (By,B,) and C =
(Cl,C2) ED(X).

l. A=B< A =B|,A, =B;.

2.

b

CB+&A; CB,A2 CBs.

3.

2>

UB=(A1UB{,A2UBy).



4. ANB=(A1NB1,A2NBy).

5. A° = (A5,AS), where A€ is the complement of A.
6. A\B= (A \B2,A2\By).

7. A\(BOC) = (A\ BIU(A\O).

8. Let x € X. The D-sets x; = ({x},{x}) and% =(0,{x})
are said to be D-point in X. The family of all D-points,
denoted by DP(X) i.e., DP(X)={x,:x€ X,t € {1,1}}.

Q&QA@meAumiggéﬁmeA;

Definition I1.3 [10] Two D-sets A and B are said to be a
quasi-coincident, denoted by AgB, if A|jN\By # 0 or A, NB| #
0. A is called a not quasi-coincident with B, denoted by A ¢B,
ifAINBy =0 and A,NB; =0.

Theorem II.1 [10] Let A,B,C € D(X) and x, € DP(X). Then,
1.x d(AQB) < x, dAorx, B
22A¢B,CCB=A¢C.

Definition I1.4 [71] Consider two ordinary sets X and Y. Let
f be amapping from X into Y. The image of a D-set A in D(X)
defined by: f(A) = (f(A1),f(A2)). Also the inverse image of
a D-set B € D(Y) defined by: f~'(B) = (f~'(B1),f'(By)).

Proposition IL.1 /1] Let f : X — Y,A € D(X),B € D(Y).
Then,

(B

2. AC f~Y(f(A)) and equality holds if f is (one-one).

1 fY(B) =

Definition ILS [/1] Let X be a non-empty set. The family N
of D-sets in X is called a DT on X if it satisfies the following

axioms:
1.0,Xen,
2. IfA,Ben, thenANBenM,
3. If{A, s €S} Cn, then UycgA, €.

The pair (X,m) is called a DTS. Each element of 1 is called
an open D-set in X. The complement of open D-set is called

closed D-set.
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If ) contains (0,X), then the DTS (X, n) is called stratifiable
double topological space, (STDTS, for short).

Definition I1.6 [11] Let (X,1) be a DTS. A D-set A € X is
called a double neighborhood (D — nbd, for short) of the D-
pointx, (t € {1,3}), if there exists O, €1 suchthatx,€ O, C
A. The family of all D — nbds of the D-point x, will be denoted
by N(x,).

Definition IL.7 [11] Let (X,n) be a DTS and A € D(X). The
double closure of A, denoted by cly(A) or A, defined by:
cly(A)=N{B:Benand A C B}.

Definition IL.8 /1] Let (X,n) be a DTS and A € D(X). The
double interior of A, denoted by inty(A) or A°, defined by:
inty(A) =U{B:Be€mnand BCA}.

Definition I1.9 [11] Let A = (A1,A2) € D(X). A is called a

finite D-set if A, is a finite set.

Definition I1.10 [/1] Let X be an infinite set. The family
N = {0}U{A C X : A is finite } is called a co-finite DT on
X.

Definition IL.11 [11] Let (X,n) be a DTS and Y be a non-
empty subset of X. y = {A(\Y :A€nandY = (Y,Y)} is
a DT on Y. The DTS (Y,ny) is called a double topological
subspace (DT —subspace, for short) of (X,1).

Definition IL.12 [11] Let (X,n) be a DTS, F € D(X) and Y
be a non-empty subset of X. The D-subset over Y, denoted by
FY, defined by: FY =FNY.

Definition I1.13 [/1] Let f : X — Y be a mapping and let
(X,n) and (Y,n*) be DTS. f is called a D-continuous if
f~Y(B) € n, whenever B € n*.

Theorem IL.2 [11] Let (X,n) and (Y,n*) be two D-
topological spaces and let f : X — Y be a mapping, A € D(X)
and B € D(Y). Then, the following conditions are equivalent:

1. f is a D-continuous,

2. f1(B)enc, vBen*,



3. f(cly(A)) € el (f(A)), VA € D(X).

Definition I1.14 []1] Let (X,n) and (Y,n*) be two DTS and
let f:X — Y be a mapping and A € D(X).

1. fis called D-open if f(A) € n*, VA € n.
2. fis called D-closed if f(A) € n*°, VA € n°.

Theorem IL3 [11] Let (X,n) and (Y,N*) be two DTS and let
f:X — Y be amapping and A € D(X). Then, f is D-closed

iff cly: (F(4)) C f(cln(4)), VA € D(X).

III. D-SEPARATION AXIOMS

Definition IIL.1 A DTS (X,n) is called:

1. DTo—space if x, 4y = cly(x,) 4y or cly(y,) /
qx, Vx,y € DP(X).[11]

2. DTy—space if x, gy = cly(x,) 4y and cly(y) /
9%, Vx,y €DP(X).[11]

3. DTh—space if x, 4 y, = EIQ&,Q}, € N such that O, /
q0, .Vx,y € DP(X).[11]

4. DRy—space if x, /g F.F € n° = 30,,0p €
n suchthat O, ¢ O, Vx, € DP(X). [11]

5. DTz —space if it is DRy and DTy —spaces. [11]

6. DTy —space if Vx,,y € DP(X),x#ywe have: x, ¢y =
cly(x,) gy, orcly(y) dx.

7. DIy* —space if Vx,,y € DP(X),x =y we have: x, /
qy = cly(x;) qu or cly (Xr) dqx.

8. DT —space if Vx;,y € DP(X),x#ywe have: x, qy. =
cly(x;) qu and cly (Xr) dq
X

9. DT} —space if Vx,,y € DP(X),x =y we have: x, /

qy, = cly(x) dy andcly(y ) ¢

X
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10. DTy —space if Vx,,y € DP(X),x #y and x, 4 y _there
exist Q& ,Qy € M such that Q&
40, .

11. DT;* —space if Vx;,y € DP(X),x=yand x, f y _there
exist Q&,Qyn € N such that Q&
40,

12. DTS —space if it is DRy and DT} —spaces.
13. DT;* —space if it is DRy and DT|"* —spaces.

Theorem IIL.1 Let (X,n) be a DTS. Then,
DTy —space (DT —space) iff x, ¢

Y X #y, implies 3 O, such thaty QQ& and 3 er such that
X 40, .

Proof.f Suppose that (X,n) is a DTy (DT}') and let x, ¢ y .

(X,n) is

Then, x, ¢ cly(y ). Therefore, x,E(cly(y,))* ¢y, [by theorem
I11]. Similarly, y €(cly(x,))¢, (cly(x,))" 4 ;. Hence, the the-

orem holds.

Theorem IIL.2 Let (X,n) be a DTS. Then, (X,n) is a
DTy—space — (X,n) is a DTy .

Proof. It is obvious.

The following Example shows that the converse of Theo-

rem II1.2 is not true in general.

Example IIL.1 Let X = {a,b,c} and N =
{0.X,({a},{a}),({b},{b}), ({a,b},{a,b})}-
Then, (X,n) € DT —space. But it is not

DT()—SP(ICE, fOI" (07{0}) /Q(q)v{a})v but Clﬂ(ma{a}) =
({a,c}{a,c}) ¢ (0.{a}).

Theorem IIL3 Let (X,n) be a DTS. Then, (X,n) is a
DTy —space — (X,n) is a DT}".

Proof. It is obvious.

The following Example shows that the converse of Theo-

rem II1.3 is not true in general.

Example ITL.2 Ler X = Aab}
{0.X, ({a},{a}),({a}, X), (0,{b}), ({b}, {b})}-

Then, (X,n) € DI*—space. But it is not DTi—space, for

(07 {a}) %(07 {a})> but Clrl (®7 {a}) = ({a}7 {a}) q (07 {a})

and n =



Theorem IIL4 Let (X,n) be a DTS. Then, (X,n) is a
DT, —space — (X, M) is a DT

Proof. It is obvious.

The following Example shows that the converse of Theo-

rem IIL.4 is not true in general.

Example IIL.3 Let X = {ab}
{0.X, ({a},{a}),({b},{b})}. Then,

(X,n) € DT, —space.
(0.4a) 40, {a}). bur ¥ 0,,.0,, g

2

and n =

But it is not DT,—space, for

Theorem IIL5 Ler (X,n) be a DTS. Then, (X,n) is a
DTs—space — (X,n) is a DT

Proof. It is obvious.

The following Example shows that the converse of Theo-

rem IIL.5 is not true in general.

Example IIL.4 From Example III.3, we have (X,n) €
DTy —space. But it is not DT3—space, for (0,{a}) 4(0,{a}),

but ({a},{a}) = cly (0,{a}) q (0,{a}).

Theorem IIL.6 Let (X,n) be a DTS. Then, (X,n) is a
DT\ —space — (X,n) is a DT}

Proof. It is obvious.

Example IILS From Example IIl.1,
But it is not DT{—space, for ({a},{a}) /

q({c},{c}), but ({a,c}.{a,c}) = cly({a},{a}) g ({c},{c}).

we have (X,7m) €
DTy —space.

Theorem IIL7 Ler (X,n) be a DTS. Then, (X,n) is a
DT —space — (X,n) is a DT}".
Proof. It follows from Theorem III.1.

Example I11.6 Let N be the set of all natural numbers.
Then, the family ny = {0}U{A C N : A% is finite }, (N,n) €
DT\ —space. But it is not DT, for if there exist n, ¢ s, then all
open D-sets contain n, quasi coincident with all open D-sets

contain s,.

Theorem IIL8 Let (X,n) be a DTS. Then, (X,n) is a
DT; —space — (X,n) is a DT;'.
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Proof.
qy,.x #y. Then, x; f cly(y ). It follows that, 30, (, ) €
N(cly(y,)), 0y, € N(x,) such that O, () 4 O, . This implies
that, O, %Q& [by theorem I1.1]. Hence, (X,n) is a DT

Suppose that (X,n) is a DT; —space and let x, /

Remark IIL.1 (X,n) is a

DT, —space, but it is not DT, and from Example 111.2,

1. From Example III.6,

(X,n) is a DTy —space, but it is not DTj.

2. From Example 111.3, (X,n) is a DT; —space, but it is
not DT>.

Remark IIL.2 Let (X,n) be a DTS. Then,
1. DT* is DT;, (i=0,1,3) iff Vx € X,% qcln(%)
2. DTy is DTy iff¥x € X, 30, 40, .
2 "2
Remark II1.3 Theorems IIl.1, II1.2, I1I1.3, II1.4, IIL.5, II6,
I11.7, 1IL.8 are satisfied if we replace DT by DT, (i =
0,1,2,3).

Corollary IIL.1 For a DTS (X,n) we have the following im-
plication:

DT; — DTy — DT} — DTy

T T ll T
DT; — DT, — DTy — DTy.
\J 3 3 \J

DT;* — DTy — DT — DT;*.

IV. D-SUBSPACES

Theorem IV.1 Ler (Y,ny) be a DT —subspace of a D-space
(X,n) andlet F € D(Y). Then,

1. IfFisan open D-setinY andY € n, then F € 1.
2. Fisaclosed D-setinY iff F =Y N H for some H € N°.
Proof.

1. Let F € ny. Then, 3G € N such that F =Y N G.
Now, if Y €n. ThenY NG € n. Hence, F € M.



2. LetF eng.Then, F=Y\G,Ge€nyand G=Y N H for
some H € . It follows that, F =Y\ (Y NH)=Y\H =
Y N HC, where H is a closed D-setin X .
Conversely, suppose that F =Y N G for some G € N°,

then

=Y

Therefore, F € ny. Hence, the result.

Theorem IV.2 Ler (Y,ny) be a DT—subspace of a
DTS (X,n) and let N¥ € D(Y). Then, if N\ =Y QN
for some N € N(y,), then N¥ € N¥ (y,).

Proof.

Let N =Y N N,N € N(y,). Then, 3 G € n such that
G CN, so that yyc GNY CNNY = NY. Therefore,

y»E€G" CNY (G" =GnY). Hence, N¥ € N" (y,).

Theorem IV.3 A DT —subspace (Y,ny) of a DIj—space
(X,n) is a DT

Proof.  Let x;,,y € DP(Y),x #y such that x, 4 y,- Then,
x,y, € DP(X) and x, gy . This implies that, x, £ cly(y )
ory, feln(x). This, (50Y) 4 (cly(y,)0Y) or (5,0) /
q (cln(x,)QY) [by Theorem IV.1]. Therefore, x;, 4 cly,(y )
ory ¢ ciny(x,). Hence, (Y,ny) is a DTy —space.

Theorem IV.4 A DT —subspace (Y,ny) of a DIT|—space
(X,n) isa DT}

Proof.  Let x,,y € DP(Y),x # y such that x, 4y . Then,
X,y €DP(X)and x, ¢y,

implies x, A cly(y) and y A cly(x). Thus (x0Y) /
q(clp(y )0Y)and (y NY) ¢ (cly(x,)0

Y) [by Theorem IV.1]. Therefore, x, 4 cly,(y) and y /
q cly, (x;). Hence, (Y,ny) is a DT —space.

Theorem IV.5 A DT —subspace (Y,ny) of a DTy —space
(X,n)isa DT;.

Proof.  Let x,,y € DP(Y),x # y such that x, 4 y,- Then,
HQ&,Q}} €1 suchthat O, q
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0, , implies O, NY,0

7Xr bl =X — =y

thatQ&QXqO, NY. Hence,

NY € ny [by Theorem IV.2] such
72,‘ —_— (

Y. ny) is a DT, —space.

Theorem IV.6 A DT —subspace (Y,ny) of a DT —space
(X,n) is a DT;.

Proof.  Since (X,n) is a DT —space, then it is DRy and
DT\ —spaces.

Lety € DP(Y) and y AFOY,Fen‘. Then, y 4F [by
theorem II.1] implies EIQy ,Op € N such that 0, 4 Op. It
follows that Oy = 0O, 0y 4 OpNY = 0f, (05 ?QE €ny)
[by Theorem I;;.Z]. Y:frzerefore, (Y,ny) is a DRz.JBut (Y,ny)
is a DT{"—space [by theorem IV4]. Hence, (Y,ny) is a
DT; —space.

Theorem IV.7 A D-subspace (Y,ny) of a DT;*—space
(X,m) is a DT;* —space, i=(0, 1, 2, 3).

Proof. It is obvious.

V. SOME PROPERTIES OF D-CONTINUOUS FUNCTION

Definition V.1 Ler (X, 1) and (Y,n*) be two DTS and let f :
X — Y be a mapping. Then, f is called a D-homeomorphism

if it is a one-one, D-continuous and D-closed of X onto Y.

Lemma V.1 Ler (X,n) and (Y,n*) be two DTS and let f :

X — Y be a (one-one) and onto mapping. Then,

1. Ify € DP(Y), then, 3 x € X such that x, € DP(X) and
fx) =y,

2. Ify € DP(Y), then f~'(y ) € DP(X).

3y, .y, €DPY), y, 4y, .31 # Y2 then 3x1,x: €
X,x1 # xp such that f(x;) =y;, (i =1,2) and f(x,,) =

Y, f(0,) =y, -Also, x,, 4 x,.

Proof.

(1) and (2) are obvious.

(3) It is clear from (2) that f(x;,) = X],,f(/ﬁz,) =Y,
Now, if y1 # y2, then f(x1) # f(x2). Implies that, x; # x;.
Since, y, 4y, , theny, C(y, ), so ! (y,) < fﬁl(er)c =
(f_l(X2 ))¢ [by Proposition IL1]. Thus, x|, C (x,,)¢. There-

fore, x,, ¢ x5 ,x1 # x2.



Proposition V.1 Ler (X, 1) and (Y,n*) be two DTS and let
f:X —Y be a (one-one) and onto mapping, A € D(X). Then,
(f(4)) = F((4)).

Proof. Suppose that f is (one-one) and onto map-
ping, then A = f~1(f(A)) [by Proposition 11.1], implies that
(A) = (f'(f(A))) = f'(f(A))) [by Proposition IL1], so
that f((A)°) = f(f~'(f(A))°) = (f(A))°. Hence, (f(4))" =
F((A)°).

Theorem V.1 The property of being a DT —space is a topo-
logical property.

Proof. Suppose f:(X,n) — (Y,n*) is a D-homeomorphism.
Let Y0¥, € DP(Y)’XL 4 Yy, V1 % yy. Then, by lemma
VI 3 x1,x € X,x1 # xp such that f(x;)) = y;,(i = 1,2)
and
x, /
q cly(x,,). Implies that, x,, C (cly(x,,))¢. So that f(x,,) C
f((ely (gzr))c) = (f((cly (gzr)))c [by Proposition V.1]. Thus
X1,§(Cln*(f(52,)))caf is D-homeomorphism. It follows that,

and f(x,) =y .f(x,) =y, Alo, x, 4 x,
(X,n) is a DTy —space, then cly(xy,) A X, or

y, dcly(y, ). Similarly, we also have y, ¢ cly+(y, ). Hence,
(Y,n*) is a DT} .

Theorem V.2 The property of being a DT{—space is a
topological property.

Proof. Suppose f:(X,n) — (Y,n*) is a D-homeomorphism.
Let Yy,Ys, € DP(Y)’XL 4 Yy V1 # yy. Then, by lemma
Vi1 3 x1,x € X,x1 # xp such that f(x;) = y;, (i = 1,2)
and f(x1,) =y, f(%,) =, - Also, x1, 4%, (X,n) is
a DT —space, then cly(x|) g X, and x,, g cly(x,,),
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implies  that x;, C (cly(x,))", so that f(x,,) C
F(eln(5,))) = (F((cla(es)))° [by Proposition V1],
thus Xltg(cln*(f(gzr)))c,f is D-homeomorphism. It follows
that, Y, q CIH*(XQ,)' Similarly, we also have Y, q Clrl*(Xl,)'

Hence, (Y,n*) is a DT}".

Theorem V.3 The property of being a DT, —space is a topo-
logical property.

Proof. Suppose f:(X,n)— (Y,n*) is a D-homeomorphism.
Lety, ,y, € DP(Y)’X], ,erzr,yl # vo. Then, by lemma V.1
Fx1,x € X,x1 # xp such that f(x;)) = yi,(i = 1,2) and
f(&l,) = Xlraf(ifz,)
DTS —space, 3 F,G € M such that X, EF,x%eG and F /
4G, implies that f(x,,)€f(F), f(x,,)£(G) and f(F)  f(G)
[by Proposition V.1] so that Xltg(E)@Lg(Q) and f(F) /
4 (G),[(F). £(G) € n°]. Hence, (¥,n") is a DT

=2, As, xi, 41 %, and (X,m) is a

Theorem V.4 The property of being a DT; —space is a topo-
logical property.

Proof. Suppose f:(X,n) — (Y,n") is a D-homeomorphism
and (X,m) is a DTy —space, then (X,n) is DTy and
DRy —spaces, implies (Y,n*) is DT} and DR,—spaces [by
theorem V.2], [11]. Hence, (Y,n*) is a DT

Theorem V.5 The property of being a DT;** —space, (i=0, 1,
2, 3) is a topological property.
Proof. Straightforward.
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