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The main aim of this paper is to prove the existence and uniqueness of a fixed point for a class of cyclic

contractions via simulation functions in the context of metric-like spaces. These results are generalizations

of the recent results in [M. Jleli, B. Samet, An improvement result concerning fixed point theory for cyclic

contractions, Carpathian J. Math., 32 (2016), 339-347]. We also prove a stability and well-posedness of a fixed

point problem. Moreover, some examples and an application on the existence and uniqueness of solutions to a

class of functional integral equations are given to support the obtained results.
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I. INTRODUCTION AND PRELIMINARIES

It is well known that the Banachafs contraction principle
(BCP) [2] is a fundamental result in the field of fixed point
theory. This famous result has a strong applications in proving

the existence and uniqueness of solution of integral equations.

Theorem L.1 [2] Let (X,d) be a complete metric space and
T : X — X a mapping. If there exists a real number k € [0,1)
such that for all x,y € X, the following inequality holds:

d(Tx,Ty) < kd(x,y), IL.1)

then T has a unique fixed point in X .

Notice that, the contractive condition (I.1) is satisfied for all
x,y € X, which forces the mapping T to be continuous, and
so the principle is not applicable if T is discontinuous. More-
over, Banach contraction principle is dependent on the conti-
nuity of usual metric. This also brings us a limitation to utilize
this principle. To overcome this difficulty, the (BCP) has been
extended and generalized in many various directions (by gen-
eralizing (or extending) the condition contraction (I.1) or by
changing the topology (via generalized distances)).

The following generalization is due to Kirk et al. [7].

Theorem L2 [7] Let (X,d) be a complete metric space and
{A}1L | be a finite family of nonempty closed subsets of X . Let
T : UL A = UL, Ai be a given mapping. Suppose that the

following conditions are satisfied:
(i) T(A;)) CAipq forall i=1,--- ,m, withApyi| =Ay;

(ii) The mapping T satisfies a cyclic contraction, that is,

there exists some constant k € (0, 1) such that

d(Tx,Ty) <kd(x,y) forall(x,y) €A;xAjr1,i=1,-- m.

Then T has a unique fixed point in (Y, A;.

It is know that the above result has been extended in many var-
ious directions by several authors, see [12], [10], [9], [6], [16],
[8],[11] and [13] and the references therein. In 2016, Jleli and
Samet have weakened the closure condition that often used in

this context and they proved the following result.

Theorem L3 [1] Let (X,d) be a complete metric space and
{A}L, be a finite number of nonempty subsets of X. Let
T:UL Ai = UL A; be a given mapping. Suppose that the

following conditions are satisfied:

(i) Ay is closed.



(i) T(A)) CAipr forall i=1,---,m, withA,u;1 =Aj.

(ii) There exists a (c)-comparison function @ : [0,0) such

that

d(T-xa Ty) < (P(d(xvy)) forall(xvy) EAi XAi-‘rh i= 17 , M.

Then T has a unique fixed point 7 € (L, A;. For any xo €

U™ A, the Picard sequence {T"xy} converges to z.

The notion of simulation functions is introduced by Khojaste-
h, Shukla and Radenovi¢ [28] as a generalization of the Ba-
nach’s contraction principle. The above notion is slightly
modified later by Argoubi et al. [15] by withdrawing a condi-
tion. In 2016, the notion of generalized simulation functions
is introduced by J. Chen and X. Tang [14]. On the other hand,
the notion of metric-like (dislocated) metric spaces was redis-
covered by Harandi [27] as a generalization of a metric space.
For fixed point results on metric-like spaces, see [23]-[27]. In

what follows, we recall some notations and definitions we will

need in the sequel.

Definition 1.4 [27] Let X be a nonempty set. A function o :
X x X = RY is said to be a metric-like (or a dislocated metric)

on X if for any x,y,z € X, the following conditions hold:
(01) o(x,y) =0=x=y;
(02) O(x,y) = O (y,x);
(03) 0(x,2) < 0(x,y) +0(32).

The pair (X,0) is then called a metric-like space. Note
that each metric-like o on X generates a topology 75 on X
whose base is the family of open o-balls Bg(x,e) ={y € X :
|o(x,y) —o(x,x)| < e}, forallx € X and € > 0.

Let (X,0) be a metric-like space. A sequence {x,} in X
converges to a point x € X if and only if lim, e 0 (x,,x) =
o (x,x).
in X is

A sequence {x,} called o-Cauchy if

limy, jn—y00 O (Xn,Xm) exists and is finite. The metric-like
space (X,o0) is called complete if for each o-Cauchy

sequence {x, }, there is some x € X such that

nggoa(xn,x) =o(x,x) = n,grgmd(xn7xm).
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Lemma L5 Let (X,0) be a metric-like space and {x,} be a
sequence that converges to x with 6(x,x) = 0. Then, for each

y € X one has

lim o (x,,y) = o(x,y).
n—soo

Definition 1.6 [15] A simulation function is a mapping C :
[0,00) x [0,00) — R satisfying the following conditions:

(&) C(t,s) <s—tforallt,s>0;

(82) if {tn} and {s,} are sequences in (0,e) such that

lim #, = lim s, = £ € (0,00), then
n—soo n—yoo

limsup § (t,,5,) < 0.

n—yoo
Let Z7* be the set of simulation functions in the sense of Ar-

goubi et al. [15].

Example L7 [15] Let §; : [0,00) X [0,00) — R be the function
defined by

1 if(¢,s) = (0,0),
As—t

g)t (LS) =

otherwise,

where A € (0,1). Then, § € Z*.

Example 1.8 Let § : [0,00) x [0,00) — R be the function de-
fined by §(t,s) = w(s) — @(t) for all t,s > 0, where y :
[0,00) — R is an upper semi-continuous function and @ :

[0,00) — R is a lower semi-continuous function such that

y(t) <t < o@(t) forallt > 0. Then, { € Z&*.

Definition L9 [/4] A generalized simulation function is a
mapping € : [0,00) x [0,00) — R satisfying the following con-
dition:

C(t,s) <s—t, forallt,s>0.

Let S be the set of generalized simulation functions.

Remark L.10 Each simulation function is a generalized sim-

ulation function but the converse is not true in general.

Example L11 Let { : [0,00) X [0,00) — R be the function de-
finedby {(t,s) =s—tforallt,s >0, Then, { is a generalized

simulation function but it is not a simulation function.



The objective of this paper is to establish some fixed point
results for generalized cyclic contractions in the context of
metric-like spaces. Presented theorems extend, generalize and
improve many existing results in the literature. Our obtained
results are supported by some illustrated examples and an ap-
plication on the existence and uniqueness of solutions to a

class of functional integral equations.

II. FIXED POINTS RESULTS

Our results concern two types of cyclic contractions.

A. Cyclic contractions via simulation functions

Our first main result is the following.

Theorem II.1 Let (X, ) be a metric-like space. Let {A;}!
be a finite family of nonempty subsets of X. Let T : | JI* | A; —
UL, A; be a given mapping. Suppose that the following con-

ditions are satisfied:
(l) T(Al) gAiJrl fOrall i= 13 , 1M, WithAm+l =Ay;
(if) there exists iy € {1,--- ,m} such that A;, is closed;
(i) UL, A; is a complete subset of X;

(iv) there exists a simulation function § € Z* such that

¢ (o(Tx,Ty),0(x,y)) >0 (L1)

forall(x,y) €A; x Ajy1,i=1,--- m.

Then for every xo € \Ji-| A;, the picard sequence {T"xo} con-
verges to u, the unique fixed point of T in (L, A; such that

o(u,u) =0.

Proof. Let xp € [J/2; A;. Without loss of generality, let xy €
Aj. Consider the Picard iteration {x,} defined by x,+1 = Tx,
for all n > 0. If x,, = x,11 for some n, then x;,, = x,,.1 = Txp,
that is, x,, is a fixed point of T and so the proof is complete.
Suppose that x,, # x;,41 for all n > 0. For any n > 0, there is
in € {1,--- ,m} suchthat x, € A;, and x,4+] € A;,+1. By (IL.1),
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we have

C (G(x71+laxn+2)a G(xnaanrl))

= (0(Txn, Txps1), 0 (Xn,Xnt1)) > 0.

(IL.2)

From the condition (&),

0< C (G(anrl 7xn+2)a G(xn7xn+l )) < G(xn;anrl) - G(anrl ,xn+2)-
Necessarily, we have
O (Xnt1,%n+2) < O(xp,Xy11), for alln>0, (I.3)

which implies that {0 (x,,x,+1)} is a decreasing sequence of

positive real numbers, so there exists > 0 such that

lim 6 (X, Xui1) =1. (IL4)
n—oo

Suppose that 7 > 0. By (I.2), (I1.4) and the condition (&),

0 <limsup (G(xn-H»xn+2>76(xn;xn+1>> <0,
n—yoo

which is a contradiction. Then, we conclude that t = 0, that is

lim 6 (X, Xt 1) = 0. (IL5)

n—se0

Now, we shall prove that

lim 6 (xp,x) = 0. (IL.6)

n,m—oo
Suppose to the contrary. Then there exists € > 0 for which we
can find subsequences (X)) and (%)) of (x,) with n(k) >
m(k) > k such that

G('xn(k) ) xm(k)) > E. (I1.7)

Further, corresponding to m(k), we can choose n(k) in such a
way that it is the smallest integer with n(k) > m(k) > k and
satisfying (IL.7). Then
G(Xn(k),l,xm(k)) <E. (I1.8)
Using (II.8) and the triangular inequality
€ < 0 (Xn(k)sXm(k)) < O (Xn(k)s Xn(k)—1) + O (Xn(k)—15%m(k))

<€+ G(xn(k) 7xn(k)—1)'
(IL9)

Letting k — o0 in (IL.9) and using (IL.5), we find

lim O'(xn(k),xm(k)) =E&. (I1.10)

k—>o0



On the other hand, for all k, there exists j(k), 0 < j(k) < m,
such that n(k) —m(k) + j(k) = 1(m). Then x,,)_ ) (for k
large enough, m(k) > j(k)) and x,,) lie in dlfferent adjacently

labeled sets A; and A+ for certain i = 1,--- ,m. From (IL.1),

we have
O< ’ —J » O\ Xn(k) > Xm(k)—j
C(0 (Xn(k) 415 Xmk)—j(k)+1) s O Xy Xom(k) — (k) )) L
C( ( T-xm() J(k))aG('xn(k)axm(k)fj(k)))‘

If x,, = x,,, for some n < m, then x, .1 = Tx, = TXp, = Xpppp1 it

follows from (IL.3),

0< G(xnvxn+1) = G(xm:xm+1) < G(xmflvxm) << O'(Xnaxn+1):

which is a contradiction. Then x,, # x,, for all n < m.

Using the triangular inequality,

16 (%) s Xm()— (k) = O Xk s Xm(k)) | < O Xomi)— k) s Xm(e))
< 0 (Xm(k)— (k) s Xm(k)— (k) +1)

- xm(k))

= Y Ol j0)+1Xm)— k) +1+1) = O
=0

as k — oo (from (11.5)),

which implies from (II.10) that

lim & (6 (4), Xm(e) k) = €- (IL.12)
Also
O (Xu(k) Xim(k)— k) < O (Xn(h) s Xin(i 1) + O (15 Xm()— (1) +1)

+ O (X)) +1Xm(k)— (k) )

O (X (k)15 Xm(k) — j(k)+1) < O (Xn()+15%n(k)) + O (Xnk) s Xm(k)— (k)
+ O (Xm(k)— (k) »Xm(k)— j(k)+1) -

Letting k — oo in the two above inequalities and using (IL.5)

and (I1.12), we find

(IL13)

1im & (X, 1)+ 1, Xm(k)— () +1) = €-

k—>o0

Now, using (II.11), (IL.12), (I1.13) and the condition ({;), we
get that

0< hl]jlsupg ( ( Xn(k)+15%m(k)—j(k )+1)7 o-(xn(k)vxm(k)fj(k))) <0,
—3o0
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which is a contradiction. Then (I1.6) holds. This shows that
(xp) is a o-Cauchy sequence in JIZ; A;.

Since (UjL;A;,0) is complete, hence there exists u €
UL, A; such that

lim o (x,,u) =

o(u,u) = lim ©(x;,xn)=0.
n—soo

n,m—oo

(IL14)

We claim that u is a fixed point of 7. If there exists a sub-
sequence {x,, } of {x,} such that x, = u or x,,+1 = Tu for
all k, then, o(u,Tu) = 6(u,x,,+1). So by letting k — oo, we
get o(u, Tu) = 6(u,u) = 0. Then Tu = u and so the proof is
complete. So, without loss of generality, we may suppose that
X, # u and x,, # Tu for all nonnegative integer n.

Without loss of generality, we suppose that A; is closed.
The fact that Ay is

closed together with (I1.14) yield that u € A;.

Since xp € Ay, we have (xum)n>0 € Al.

Since u € Ay and (xymt1 = TXpm)u>0 € A2, so applying

(IL.1) for x = u and y = x,,+1, We get that
0< C(O-(T"ﬁ Txnm+1)a G(uaxnm+1))~

From the condition (), we have

0< C(G(Tuaxnm+2)’ G(uaxnm+1)) < o-(’/‘7xnm+1) - o-(T”hxnm—o—Z)'

It follows that
o (Tu,Xpms2) < O (U, Xpmt1)-
Letting n — oo in the above inequality, we obtain
6(Tu,u) < o(u,u) =0,

which implies that 6(Tu,u) = 0. Thus Tu = u, that is, u is a
fixed point of 7. We shall prove that u € 2, A;.

Since u € A and Tu = u, so by condition (i), we get u €
ML, A;. Now, we prove that u is the unique fixed point of T in
U™, A;. Assume that v is another fixed point of T in [J{~| A;

with u # v. Taking x = u and y = v in (IL.1), we get that

0<&(o(Tu,Tv),0(u,v)) = §(o(u,v),0(u,v)) < o(u,v) — o (u,v) =0,
which is a contradiction. Hence u = v.
[ |
Example IL.2 Take X = (—2,4) and o(x,y) = |x —y| +

|x|+ |y| for all x,y € X. Clearly, (X, o) is a metric-like space.



Set Ay = [—1,3],A2 = (—

is a complete metric-like subset of X. However, (X,0) is

3, 1]. Notice that Aj UA; = [—1,1]
not. Consider the mapping T : Af UA, — A| UA; given by

Tx:—%xforallxeAluAg. Note that TA| = [— 4,2]CA2

and TAy = [-3,1) C Ay Also, Ay is closed. Take {(t,s) =
s — %—i;tforall s,t > 0.

Now, we show that the contraction condition (I1.1) is veri-

fied for all (x,y) € A| X Ay. We have

o(Tx,Ty) = (Ix Y+ ) = 50(x.y).
It follows that
X, X 2
Co(Tn 1), 000) =0l - oo (T

Hence, all hypotheses of Theorem I1.1 are verified. Here u =0
is the unique fixed point of T. Also 0 € Aj NA; and 6(0,0) =
0.

Example IL.3 Take X = (—5,+00) and o(x,y) = |x| +|y| for
all x,y € X. Clearly, (X,0) is a metric-like space. Set
Ay = [-1,3], Ay = (—3,1]. Notice that Ay UA; = [—1,1] is
a complete metric-like subset of X. However, (X,0) is not.

Consider the mapping T : A{ UA, — A| UA; given by

7)7263 XE[*l,l),

Note that TA| = [—% %] CAryand TA; = [— %, %) C A,. Also,
Ay is closed. Take {(t,s) = 3s—t for all s,t > 0.

Now, we show that the contraction condition (I1.1) is veri-
fied for all (x,y) € A| X Ay. To check this we distinguish the
following cases:

Case 1. Ifxc Ay andy € (—%, 1). Here, we have

§(o(Tx, ), 0(x,3)) = §0(xy) ~ O(Tx 1)
= 26(0y) — 30(6y) = jo(6) 20

Case 2. If x € Ay and y = 1. Then, we have

§(o(Tx,Ty), 0(x,y)) =

Thus, (11.1) holds. All hypotheses of Theorem II.1 are satis-
fied, and u = 0 is the unique fixed point of T. Also 0 € A1 NA;
and 5(0,0) =0.

3 1 1 1 1
(x4 1) = =|x|— = = ~|x|+ = >0.
= (4 1) = 5 — 7 = g+ 5 2

65

Notice that T is not a contraction in the usual metric space

X = ([-1,1],].]) because it is not continuous.

Example I1.4 Take X = [0,5) and o(x,y) = max{x,y} for
all x,y € X. Clearly, (X,0) is a metric-like space. Set
A1 =10,2],A, =[0,1). Notice that A; UA, = [0,2] is a com-
plete metric-like subset of X. However, (X, 0) is not. Consider
the mapping T : Ay UAy — A1 UA) given by

0, x€][0,2),
Tx=

Note that TAy = {0,1} C A, and TA; = {0} C A;. Also, A,
is closed. Take {(t,s) = As—t for all s,t > 0.

Now, we show that the contraction condition (I1.1) is veri-
fied for all (x,y) € Ay X Ay. To check this we distinguish the
following cases:

Case 1. If x € [0,2) and y € Ay. Here, we have o(Tx,Ty) =0.
Then

G(x7y)): _G(Tx’Ty):f

{(o(Tx,Ty), ~o(x,y) o(x,y)>0.

Case 2. If x=2and y € Ay. Here, we have 6(Tx,Ty) = %
Then

1

1 1 1
$(o(Tx,Ty),0(x,y)) = EmaX{Z,y}— 7= 1— 3732 > 0.

Thus, (I1.1) holds. All hypotheses of Theorem Il.1 are satis-
fied, and u = 0 is the unique fixed point of T. Also 0 € A1 NA,
and ¢(0,0) =0.

Notice that T is not a contraction in the usual metric space

X = ([0,2],].|) because it is not continuous.

Example IL5 Let X = {0,1,2} and define 6 : X x X — [0, )

as follows
6(0,0) =0(1,1)=0, 0(2,2) = ;(1) 6(0,2)=0(2,0)=—
c(1,2)=0(2,1)= % (1,0):6(0,1):1.

Note that (X,0) is a complete metric-like space. Consider
A; ={0,1}, Ay ={0,2} and A UA, = X. It is obvious that

Ay is closed subset of (X,0). We define T : X — X by

TO=T1=0 and T2=1.



We have T(A1) = {0} C A, and T(Ay) = Ay. Define {(t,s) =
%s —t for all s,t > 0. We shall prove that (I1.1) holds for all
(x,y) € A1 X Ap. To check this we distinguish the following
cases:
Case 1. If x =y = 0. Here, we have 6(Tx,Ty) = ¢(0,0) =0.
Then,

E(o(Tx, 1), 0(x,y) = 26(x) ~0(Tx Ty) = 26(0,0) =0.

Case 2. If x=0 and y =2. Here, we have o(Tx,Ty) =

0(0,1) = 1. Then,
5 5 4 1
g(G(Tx7Ty)7G(x7y)) - 66(0,2) _O-(Oa 1) - 6 X g - E
1
=% > 0.

Case 3. If x=1and y =0. We have o(Tx,Ty) = 5(0,0) =0.
Then,

C(6(Tx,Ty), 0 (x,y)) = 20(1,0) >0,

Case 4. If x =1 and y = 2. In this case, we have o(Tx,Ty) =
0(0,1) = 1. Then

(oI 13),0(0)) = 20(1,2) - 0(0,1) =

Thus, (I1.1) holds. All hypotheses of Theorem I1.1 are satis-
fied, and u = 0 is the unique fixed point of T. Here u =0 &
A1NA;y and 6(0,0) =0.

Using the same techniques we obtain the following result.

Theorem I1.6 Let (X, o) be a metric-like space. Let {A;}!
be a finite family of nonempty subsets of X. Let T : X — X be
a given mapping. Suppose that the following conditions are

satisfied:
(i) T(A}) CAiy forall i=1,--- ,m, withApy.1 =Ay;
(if) there exists ig € {1,---,m} such that A;, is closed;
(i) U, A; is a complete subset of X;
(iv) there exists a simulation function § € Z* such that

§(o(Tx,Ty),0(x,y)) =0

forall(x,y) €A; x Ajyy,i=1,---,m.

(IL.15)
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Then for every xo € UL | A;, the picard sequence {T"xy} con-
verges to u, the unique fixed point of T in \JiL| A; such that

o (u,u) =0.
We give the following example to illustrate Theorem II.6.

Example IL7 Take X = R and o(x,y) = |x| + |y| for al-
I x,y € X. Clearly, (X,0) is a metric-like space. Set A} =

[—1,%],A> = (=3, 1]. Notice that Ay UA; = [—1,1] is a com-
plete metric-like subset of X . Consider the mapping T : X — X
given by
-3 ifxe[-1,1],
Fed 2 [—1.1]
2 ifnot

Note that TA| C A,y and TA, C Ay. Also, A is closed. Take
§(t,s) =3 —t forall s,t > 0.

Now, we have for all (x,y) € A} X Ay
1 1
o(Tx,1y) = 5 (Il + ) = 50(x.).
It follows that

(0T T3),6(x3) = 30(03) ~ 50(x3) = 30 (x3) 20,

Hence, all hypotheses of Theorem I1.6 are verified. Here u =0
is the unique fixed point of T in Aj NA, with ¢(0,0) = 0.

However T has another fixed point in X, which is 2.

B. Cyclic contractions via generalized simulation functions

Denote by @ the set of functions ¢ : [0,0) — [0,0) satisfy-
ing:
(¢1) ¢ is non-decreasing;
(¢n) there exist kg € N, a € (0,1) and convergent series of

nonnegative terms Z v such that
k=1

5 (t) < a* (1) + vy, (IL16)

for k > ko and any ¢t > 0. Following [3], a ¢ € ® is called a
(¢)-comparison function.

Again, From [3] we have

Lemma IL8 (see [3]). If ¢ € D, then the following properties
hold:



i) (" (t))nen converges to 0 as n — oo, for all t > 0,
ii) §(¢) <t foranyt >0,

iii) ¢ is continuous at 0,

(
(
(
(iv) the series Z ¢

) converge for any t > 0.
Lemma IL9 (see [3]). If ¢ € D, then the function s : (0,00) —
(0,00) defined by

oo

s(t)=Y 0k(t), 1 >0,

k=0

1.17)

is non-decreasing and is continuous at 0.
Next, we state and prove the following result.

Theorem I1.10 Let (X, 0) be a metric-like space. Let {A;}!
be a finite family of nonempty subsets of X. Let T : | JIL| A; —
UL, A; be a given mapping. Suppose that the following con-
ditions are satisfied:

(i) T(A)) CAip1 forall i=1,--- ,m, withAp+1 =Ar;
(i) there exists ig € {1,--- ,m} such that A;, is closed;
(iii) U, A; is a complete subset of X;

(iv) there exists a generalized simulation function { € 3 and

¢ € D such that

£ (o(Tx,Ty),9(0(x,y))) =0
V(x,y) €A XAy, i=1,---'m

(IL18)

Then

(I) For every xo € UL, A;, the picard sequence {T"xo}
converges to u, the unique fixed point of T in /L, A;

such that 6(u,u) = 0 and the following estimates hold:

O (xn,u) <s(¢"(o(x0,Txp))), n>1, (IL.19)
G(xlﬂu) S S(G(}Cn,xn+1)), n 2 13 (1120)

(1) for any x € UL, A;
o(x,u) <s(o(x,Tx)), (IL.21)

where s is given by (I1.17) in Lemma I1.9.
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Proof. Let xp € [J/Z; A;. Without loss of generality, let xo €
Aj. Consider the Picard iteration {x,} defined by x,,+1 = Tx,
foralln > 0.

If x,, = x,,+1 for some n, then x, = x,,+1 = Tx,, thatis, x, is
a fixed point of 7' and so the proof is complete.

Suppose that x,, # x,41 for all n > 0. For any n > 0, there is
ine{l, - and x,+1 € A;,+1. By (IL31),

we have

,m} such that x, € A;

In

g(c(xn-&-l axn+2)7 ¢(0-(xn7xn+1)))

= C(O-(TxnvTxn+1)v¢(o-(xn7xn+1))) > 0.

(I1.22)

From the definition of { € 3, we have

0 S C(G(anrl7xn+2)70(xn»xn+l))
< P(0 (X0, Xn41)) — O (Xnt1,Xn+2)-

Then
6 (Xpt1,%n42) < (0 (xXn,x041)), for alln > 0,(IL.23)

The function ¢ is non-decreasing, so by induction

O (Xn,%n11) < ¢"(0(x0,x1)) foralln>0. (11.24)
By triangle inequality and (I1.24), for p > 1
n+p—1 oo
O (X, 2nip) < ), 0°(0(x0,x1)) < Y 9% (0 (x0,x1)).
k=n k=n
(IL.25)

Since the function ¢ € ® and & (xg,x1) > 0, so by Lemma I1.8,
(iv), we get that

¢k(0'(xO,)C1)) < oo,

[ ngk

k

0

Thus, from (I1.25), we have

’}B}‘}co—(xnv-xn-i-p) 0.

This yields that {x, } is a 6-Cauchy sequence in |/~ | A;. Since
(UL, Ai, 0) is complete, hence there exists u € [J/L; A; such

that

lim o(x,,u) = o(u,u) = lim o(x,,x,)=0. (11.26)

n—oo n,m—roo

We claim that u is a fixed point of 7. If there exists a sub-

sequence {x,, } of {x,} such that x,, = u or x,,41 = Tu for



all k, then, by letting k — oo, we get Tu = u and so the proof
is complete. So, without loss of generality, we may suppose
that x, # u and x,, # Tu for all nonnegative integer n. With-
out loss of generality, we suppose that A; is closed. Since
X0 € Ay, we have (xp,)n>0 € Aj. The fact that A; is closed
together with (I1.26) yield that u € A;. Since u € A; and
(X1 = TXpm)n>0 € Az, so applying (IL.31) for x = u and

Y = Xpm+1, We get that

0 < &(o(Tu, Txums1), (0 (4, Xum11)))
= §(0 (T, Xum+2), § (0 (u, Xn11)))
< ¢(G(uaxnm+l)) - G(Tuvxnm+2)'

It means that

G(Tuyxnm+2) < ¢(G(M7xnm+l))~ (IL.27)

Since ¢ is continuous at 0 and lim o (x,,u) = 0, so
n—roo

lim o(Tu,xpm+2) < 9(0) =0,

n—yeo

because, since ¢ (r) < ¢ for all # > 0 and ¢ is continuous at 0,
hence we get that ¢(0) = 0. Thus we deduce that ¢ (u, Tu) =
0 and so Tu = u. Since u € Ay, so by condition (i) we get
ue LA

Now, we prove that u is the unique fixed point of 7. Assume
that v is another fixed point of T, that is, Tv = v. We have
v e UL Ai. There exists ig € {1,---,m} such that v € A;;.
Suppose that u # v, so 6(u,v) > 0. Taking x =v and y = u in
(II.31), we get that

0<¢(a(Tv,Tu),¢(c(vu)) = {(0(u,v),¢(0(u,v)))
< ¢(G(M,V)) -

o(u,v) < o(u,v)—o(u,v)=0,
which is a contradiction. We deduce u is the unique fixed point
of T. This completes the proof of (I).

We shall prove (II). From (11.25), we have

n+p—1
G(xnaxnﬂ?)g Z d)k(G(xo,x])).
k=n

Letting p — oo in above inequality, we get the estimate (I1.32).
Forn > 0 and k > 1, we obtain from (I1.23)

G(xn+k7xn+k+1) < d’(o-(anrkfl 7xn+k)>~ (IL.28)
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By induction and by monotonicity of ¢, we get that

O (Xnter Xnks1) < OX(0(Xn,2n41)), >0,k > 0. (11.29)

Hence, by triangle inequality and from (II.29), we have

n+p—1
G(xnyanrp)S Z (Pk(G(x,,,an)).
k=0

Letting p — oo in above inequality, we get that

=

O (xp,u) < Z % (0 (X, %011)) = 5(6 (Xn, Xns1))-
k=0

(IL.30)

This yields (II).
Now we will prove (II1). Let x € |JI~| A;. From (I1.30), for
Xo = x, we have

=3

o(x,u) < Y ¢(0(x,Tx)) = s(o(x, Tx)),

k=0

which is the estimate (I11.34). m

Theorem I1.11 Let (X, G) be a metric-like space. Let {A;}'" |
be a finite family of nonempty subsets of X. Let T : X — X be
a given mapping. Suppose that the following conditions are

satisfied:
(i) T(A})) CAip forall i=1,--- m, withApy.| =Ay;
(if) there exists ig € {1,--- ,m} such that A;, is closed;
(i) UL, A; is a complete subset of X;

(iv) there exists a generalized simulation function §{ € 3 and

¢ € @ such that

C(o(Tx,Ty),¢(c(x,y))) 20 IL31)

v(xd’) EAiXAi+l7i: 1, ,m.

Then

(I) For every xo € UL, A;, the picard sequence {T"xo}
converges to u, the unique fixed point of T in /L, A;

such that 6 (u,u) = 0 and the following estimates hold:

0 (xn 1) < 5(9"(0(x0, Tx0))), n > 1, (IL32)

O (xp,u) <s(o(xp,Xu11)), n > 1, (IL.33)



(Il) for any x € | J/L, A;

o(x,u) <s(o(x,Tx)), (11.34)

where s is given by (I1.17) in Lemma I1.9.

The notion of well-posedness of a fixed point has evoked
much interest to several mathematicians. Recently, Kara-
pinar [9] studied a well-posed problem for a cyclic weak
¢ —contraction mapping on a complete metric space (see al-
s0, [10, 17]). Let Fix(T) denote the set of all fixed points of a
self map T on a nonempty set X. We introduce the following

definition.

Definition IL.12 Let X be a nonempty set. A fixed point prob-
lem of a given mapping T : X — X on X is called well-posed
if Fix(T) is a singleton and for any sequence {x,} in X with
x* € Fix(T) and r}ii?oc(xn,Txn) = 0 implies {x,} converges

to x*.

Theorem IL.13 Let T : UL A; — UL, Ai be defined as in
Theorem I1.10. Then the fixed point problem for T is well
posed, that is, assuming that there exists {x,} C /L, A; such

that lim o (x,, Tx,) = 0 implies {x,} converges to u.
n—yoo

Proof. Let {x,} C U/~ A; such that li_r)n 6 (x,,Tx,) = 0. Ap-
n—yoo
plying (I1.34) for x = x,,, we have

O (xn,u) <s(0(x4,Txy)), VYn>0. (IL.35)

Having in mind from Lemma II.9 that s is continuous at 0 and
5(0) =0, so letting n — oo in (IL.35), we have

r}i_r)rgoc(x,l,u) =0.

Thus

,}E&G(x"’u) =o(u,u)=0.

So {x,} converges to u. Hence the fixed point problem for T

is well posed. m

Now, we state and prove the following stability result.

Theorem IL.14 Let T : UL A; — UL A; be defined as in
Theorem I1.10. Let f : UL A; — UL, A; such that
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(1) Fix(f) # 0;

(2) sup o(fx,Tx) <eoo.
XGU;":lA[

Then

sup o(x,Fix(T)) <s( sup o(fx,Tx)),
x€Fix(f) xeUL, A;

(IL.36)

where Fix(T) = xr.

Proof. Let xy € Fix(f). Assume xy # xr. Otherwise the proof
is completed. We apply (11.34) from Theorem II.10 for x = x

to have,

o(xp,xr) <s(o(xp, Txp) =s(o(fxp,Txs)) <s( sup o(fx,Tx)),
XGUT:]AI
because, by Lemma I1.9, the function s is non-decreasing.
Thus
sup o(x,xr) <s( sup o(fx,Tx)).
xeFix(f) xelUfL A

Example I1.15 Consider X = (—3,0) and o(x,y) = |x| + |y|
Sor all x,y € X. Clearly, (X,0) is a metric-like space. Take
A1 =10,1], A, = [—1,0]. Consider the mapping T : Aj UA, —
A1 UA, defined by Tx = f%xfor all x € AfUAy. We have
T(A)) CAyand T(Ay) C Ay. Take §(t,s) =s—1,0(t) = %t
forallt,s > 0. Forx € A,y € Ay, we have

C(o(Tx,Ty), ¢(0(x,y))) = 9(a(x,y)) = o(Tx, Ty) = iﬁ(w) >0.

Therefore, all hypotheses of Theorem II.10 are satisfied, so
u=0 € AjNA; is the unique fixed point of T. Also ¢(0,0) =
0.

III. APPLICATION

In this section, we present the following application con-
cerning the existence and uniqueness of solutions to a class of
nonlinear integral equations.

We consider the nonlinear integral equation
ot
u(t) = £(t) + / k(t,5,u(s)) ds forallz €[0,1], (IL1)
Jo

where f is a given continuous function and & : [0, 1] x [0, 1] x

R — R is a continuous function.



Let X = %(|0,1]) be the set of real continuous functions on

[0,1]. Consider on X the metric-like o given by

o fu,v) = max [uft) (1)

for all u,v € X. Itis clear that (X, o) is a complete metric-like
space. Consider the mapping 7 : X — X defined as

Tut) = £(r) + /(;k(r,s,u(s))ds forallz € [0,1]. (IL2)

Note that u is a solution of (III.1) if and only if u is a fixed
point of T'.
Let (o, 8) € X? and (0, o) € R? such that

oo <at)<B(t)<Pp forallre [a,b]. (I.3)
Assume that, for all t € [0, 1],
a() < f(6)+ /0 "k(t,5,B(s)) ds (IIL4)
and
B =10+ | k(t,s, (s)) d. (IILS)

We also suppose that for all ¢, s € [0, 1], (¢, s, .) is a decreasing

function, that is,

xyER, x<y=k(t,s,x)>k(ts,y). (I11.6)

Finally, let z,s € [0,1], x,y € R such that for (x < ffy and y >
Q) or (x > o and y < fip) or (x > & and y > ap)

|k(t,s,x)—k(t,s,y)\ Sg(t7s)|x_y‘7 (IIL.7)

where g : [0,1] x [0,1] — [0,00) is continuous functions such

that

t
A:= sup | g(t,s)ds<1. (111.8)

t€[0,1]/0
We take

W ={uecX, a<u<p}.

Theorem II1.1 Under the assumptions (II1.3)-(IIL.8), Prob-

lem (I11.1) has one and only one solution u € ¥ .
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Proof. Take
Ai={ueX, u<B} andAr={ueX,u>a}.
Remark that A; is closed. First, we shall check that
T(A1) CAy and T(Az) CA;.

For all u € A, we have u(s) < B(s). Using assumption (II1.6),

we get

k(t,s,u(s)) > k(t,s, B (s))

for all r € [0, 1]. Thus, from (I11.4)

Tul) = £+ [ Kts.u6)ds > 0)+ [ K5, B5) > )

soTu € A,.

Similarly, let u € A, we have u(s) > a(s). Using again

assumption (II1.6), we get
k(t,s,u(s)) <k(t,s, (s))
for all # € [0, 1]. Thus, from (II1.4)
t !
Tu(t) = £+ [ ke,s,u(s))ds < 50)+ [ k.5 a9) <B(),

soTucA;.
Now, let (u,v) € A} x Ay, that is, for all 7 € [0,1]

u(t) < B(1), v(1) > alr).
This implies from condition (IIL.3) that for all # € [0, 1],
u(t) < Po, v(t) = ap.
In view of (III.7) and above inequalities, we have
\Tu(t) = Tv(r)| < /0 k(2. 5,u(s) — k(t,5,v(s)|ds

!
< [ g.9)luts) = v(s)lds
0
!
< max |u(t)—v(t)| sup | g(t,s)ds
t€[0,1] t€[0,1]70

=2 —v(1).
max. |u(t) —v(r)|

Therefore

max |Tu(t) —Tv(t)] <A max |u(t) —v(1)|.

111.9
1€[0,1] t€[0,1] (e



So, we get

o(Tu,Tv) < Ao(u,v). (I1.10)
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Then

§(o(Tu,Tv),9(c(u,v))) 20,

where {(t,s) =s—t forallz,s > 0and ¢(t) = Ar forallz > 0.

All hypotheses of Theorem II.10 are satisfied and so T has a

unique fixed point u € A NAy = #/, that is u is the unique

solution of the problem (III.1). m
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