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In this paper, the concept of pascal triple sequence spaces are introduced and then basic topological properties

of pascal triple sequence spaces are investigated.
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I. INTRODUCTION

The triple pascal matrix is an infinite matrix containing
the binomial coefficients as its elements. There are three
ways to achieve this as either an upper-triangular matrix, a
lower-triangular matrix or a symmetric matrix. The 4 x 4
truncation of these are show below.

The triple upper triangular

0127 96
Uy = ;

00 1 500

000 1

Triple lower triangular

10 00

11 00
Ly = ;

127 1 0

1 96 500 1

Symmetric

—_

1 1 1
27 500 8575
1 96 3375 87808
1 250 15435 592704

[

These matrices have the pleasing relationship A,, = L,U,,. It
is easily seen that all three matrices have determinant 1. The
elements of the symmmetric triple pascal matrix are the bino-
mial coefficients.

§ t ! 5! 7"

= mlr=m)! nl(n—s)! K(k=1)1’

(1e) Aijk =
m n k

where r,s,t =i+ j+kandm=in= j k=t.

In other words

_ _ (i+j+h)!
Aijk =it jrk Cijk = -

Thus the trace of A, is given by

17 (An) = Z 0 Do Tic (o (o (1

with the first few terms

1,27,729,24389, ---.

given by the sequence
Let A, be n X n x n matrix whose skew diagonals are suc-
cessively the rows (truncated where necessary) of pascals

triangle. In general, A, = (a;jx) , where



i+j+k i+j+k i+j+k
ajjk = for
i J k
i,j,k=0,1,2,--- 'n—1.
An possesses the factorization
An :LnLZw (1)

where LT denotes the transpose of L,. For the [i jk] ™ secton of
element of this product is

=coefficient of x'7* in (1+x) (1 +x)’ (1 +x)*

i+j+k i+j+k i+j+k
= ajjk =
i J k
Clearly
|Ln|:1 (2)
so that

An| = |LnLlﬂ = |Ln|2 =1

we observe that L, ! is simply related to L,,.

For example

1 0 0 O
. -1 1 0 o0
L, = ;
1 =27 1 0
1 9 —-500 1
and in general
L;l — (_1)i+j72k1ijk (3)

In addition, 1 is an eigen value of A, when n is odd and that

if A is an eigen value of A, then so is AL These conjectures

P=[Po] = m n k

14

are readily verified for small values of n. In general

Let
P, (L) = |AL, — A,

where [, is the n X n X n identity matrix. Then by (1.1),(1.2)
and (1.3)
B, ()‘) = |A' LnL;l _LnLZ|
= |Ln| |/ﬁL LrTI —L,7;|
= ‘((‘Diﬂdkl Liji _iji>’
= (=)' | (Rt = (=i 1)

Multiplying odd numbered rows and columns of the matrix by

-1 and transposing, we get

P(A) = (=2)" | (=) At~ 1)
n=2rn(;) @

But eigen values of A, are the roots of P, (1) =0 and thus it
follows from (1.4) that if A is an eigen value of A, then so is
Ah

A triple sequence (real or complex) can be defined as
a function X : N3 — R(C), where N,R and C denote the
set of natural numbers, real numbers and complex numbers
respectively. The different types of notions of triple sequence
was introduced and investigated at the initial by Bipan
Hazarika et al. [1], Sahiner et al. [12,13], Esi et al. [2-9],
Dutta et al. [10],Subramanian et al. [14-19], Debnath et al.
[11], Velmurugan et al. [20] and many others.

II. THE TRIPLE PASCAL MATRIX OF INVERSE AND
TRIPLE PASCAL SEQUENCE SPACES

Let P denote the Pascal means defined by the Pascal matrix

as is defined by

fO<m<r0<n<s,0<k<t

ifm>nrn>s k>t rs,t,mnkeN
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and the inverse of Pascal’s matrix

r S t
I G R f0<m<r0<n<s0<k<t
P=[Po] = m n k
0,if (m>rn>sk>t; rs,t,mnkéeN)
- (%)
There is some interesting properties of Pascal matrix. For example, we can form three types of matrix; symmetric, lower
triangular and upper triangular; for any integer i, j,k > 0. The symmetric Pascal matrix of order n x n X n is defined by
i+j+k i+j+k i+j+k
Aijk:aijk: / / / fori7j,k:O,1,27--~7n. (5)
i j k

We can define the lower triangular Pascal matrix of order n X n X n by

1
L= (L) = e si k= 1.2,n ©
(=D 1
and the upper triangular Pascal matrix of order n x n X n is defined by
U = (Ut) = —— i jk=1,2,-n. (7
ij ij (— 1)) Iijk’ e T

We know that U;j; = (Li jk)T for any positive integer i, j, k.

(i) Let A;jx be the symmetric Pascal matrix of order n X n X n defined by *,L;; be the lower triangular Pascal matrix of order
n x n x n defined by (2.2), then A;j = L;3U;jx and det (A;j) = 1.

(ii) Let A and B be n X n x n matrices. We say that A is similar to B if there is an invertible n X n X n matrix P such that
P~'AP=B.

(iii) Let A; jx be the symmetric Pascal matrix of order n X n x n defined by (2.1), then A; ;. is similar to its inverse Afj,l

(iv) Let L; j; be the lower triangular Pascal matrix of order n x n x n defined by (2.2), then L, I— Ll;,i = (- l)i+j —2k Lijk.
We wish to introduce the Pascal sequence spaces Py3 and P,3 as the set of all sequences such that P— transforms of them are in

the spaces A® and x>, respectively, that is

r S t 1
A?J =Nk = X = (xm?lk) * SUDrst an=0 ZZ:O ZZ:O |ank‘ mintk oo o, and x133 = Ui =
m n k
. r Ky t r s t | 1
X = (Xnk)  LiMyst—so0 L0 Ym0 Lo ' ((mA4n+k)! Xy |) 5% =0
m n

We may redefine the spaces A}, x3 as follows:A} = P, x} = P;.
If A is an normed or paranormed sequence space; then matrix domain A p is called an Pascal triple sequence space. We define
the triple sequence y = (v, ) which will be frequently used, as the P— transform of a triple sequence x = (X, )
ie.,
TSl r s t

Yrst = Z Z Z ' ank,(r,S,t € N) 3

m=0n=0k=0 \ M n

Pascal sequence spaces Py3 and P, as the set of all sequences such that P— transforms of them are in the spaces A3 and y3,



16

respectively, that is
It canbe shown easily that P, are linear and metric space by the following metric:

I
d(X,)’)pX3 = d(PX,Py) = SUPmnk {((m+n+k)' ‘xmnk _ymnk|)m+"+k : m,n,k = 172»3; T } .
)Ih

imnk of the sequence is defined by xI""K = Z;’jﬁkzoxt’ ia3iiq

Consider a triple sequence x = (X ). The (m,n, k)" section x
for all m,n,k € N; where 3, denotes the triple sequence whose only non zero term is a (l+++k)‘ in the (i, j,k)th place for each
i,j,keN.

If X is a sequence space, we give the following definitions:
(i)X/ is continuous dual of X;
(i)X%* = {a = (k) : Yo k=1 | @i Xmnk| < o0, for each x € X};

(iii)Xﬁ = {a = (@pmn) : Y ke QmnkXmnk 1S convergent, for each x € X};

(iv)X? = {a = (amnk) FSUPmpk>1 ‘Z%,ﬁvkli] ApnkXmnk| < ©0, for each x € X} 5
(V)Let X bean FK — space D ¢; then X/ = {f(Smnk) (fe X,};

I/mintk oo, for each x GX};

(Vi)X5 = {a = (amnk) S SUPm .k |amnkxmnk|
X* XB X7 are called o — (or Kéthe — Toeplitz)dual of X, — (or generalized — Kithe — Toeplitz) dual of X,y — dual of
X, 8 — dual of X respectively.X* is defined by Gupta and Kamptan [21] . It is clear that X*  XP and X% C X7, but X* C X7

does not hold.

III. MAIN RESULTS

A. Theorem

The triple sequence spaces P,3 and Py3 are linearly isomorphic spaces A3 and y3 respectively i.e., Py = A? and Py = x.
Proof: To prove the fact P; = x>, we should show the existence of a linear bijection between the spaces Py and x>. Consider
the transformation 7" defined with the notation (2.4), from P,; to x> The linearity to T is clear. Further, it is trivial that mu = 0
whenever T = 0 and hence T is injective.

Let y € x°. We consider the triple sequence 1t = (i1,,,;) as follows:

.umnk =
3 r—m s—n — r s 1
Lo Lo Ko (— 1) Hd) (414 K) [Vt ) 755
m n
Then
r ) t
Limys t—so0 (P. x)m = LiMys 100 Ym0 Ln—0 25{:0 L0 Ln=0 Z;{:O
m n k
r S
(=Dl ((m=+n+K)! il ) 75575 = 0.
m n

Thus, we have that x € an. In addition note that

) r S 1t )
d(x,y)p , = suPrss Lo Ln—0 Li—o =0 Ln—0 Li—o
x m n k

r N t
(= 1) sn+eh | ) s
m n




17

1
= suPrss ((r+s+1) g — Yre|) 757
=d(x,y),s <o
Consequently , T'is surjective and is metric preserving. Hence, T is a linear bijection which therefore says us that the spaces P, 3
to x> are linearly isomorphic. In the same way, it can be shown that P, are linearly isomorphic to A3, respectively and so we

omit the detail.

B. Theorem

Let (m,n,k) € N3 be a fixed triple number and (") = {b%nk)} , where
(rs,t)EN3
0,if0<r<m,s<n,t<k
b(mnk) _
" (—1)(r7m>+(s7")+(’7k) g * ! if r>m,s >n,t>k.
m n k

Then the following assertions are true:

(i) The triple sequence {b%"k)} is a basis for the space P,3 and every x € Pys has a unique representation of the form

L= Y T Ak ™™) | where A = (P((m+n A \xmnk|)7m+£1+k) forallm,n,k €N,
m,n,

C. Proposition

The triple sequence P, is a linear set over the set of complex numbers C.

Proof: It is trivial. Therefore, the proof is omitted.

D. Proposition

6 C
Proof:Let y € 5— dual of Ps. Then 1, Vyiel < M™ 4k for some constant M > 0 and for each p € P,s. Therefore, |7,,,| <
M™ 14k for each m, n, k by taking 4 = (3, ) - This implies that ¥ € P3. Thus,

(Px3>5 C Py ©)

we now choose the triple sequences (¥,,,,x) and (,,,x) bY (Vi) = 1 for all m,n and k, and by

(4 Dy = [t s 10
m Kl = |2 10— Tis—1)! 117—K)! an
o (r—1)! s(s—1)! t(r—1)! o . o
(m 41+ k) Yok = |2 0T e TG k(k—l)!(t—k)!} = 0(r,5,0 =0) for all m,n,k =0
Obviously, y € Pys and since (m +n+ k)X, = 0 for all m,n, k=0,
(m~+n+k)!(xunk) converges to zero. Hence, u € Pys. But
(m+2)?

L ! ! 1!
((m+2)’ |am1 1Xm11 |)m+n+k = 2mg(rr;m)! 1!(;;1)1 ]!(t;l)! — o0 as m — oo, hence
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8
ué (Pa) (10)
-
From (3.1) and (3.2), we are granted (sz) # Py3. This completes the proof.

E. Proposition:

The dual space of P, is P,3.In other words (ng)* =Pg.

00 .0 0 ..

00 .0 0 ..
Proof: We recall that 3,,,,x =

1

0 0 ...m

00 .0 0 ..
with m in the (m,n,k)th position and zero’s else where, with
u= -

which is a triple Pascal chi sequence. Hence, S, € Py3; f(x) = L i1 Mk Ve With 1L € Pys and f € (P3)", where

(Py3)* is the dual space of Pys. Take i = () = Sk € Py3.Then,

|7mnk| < ”f”d(smnlmo) < oo VWl,I’l,k. (11)

Thus, (7,,.) is @ bounded sequence and hence an triple Pascal analytic sequence. In other words, ¥ € P,3. Therefore (sz)* =

P,;.This completes the proof.

F. Proposition:

B C
(PA3) # Px3
Proof: Step 1: Let (U,,,) € (PA3)ﬁ,

=

Z |“mnkYmnk‘ < oov(Ymnk) € PA3 (12)
m,nk=1

Let us assume that (i,,,) & Py3. Then, there exists a strictly increasing sequence of positive integers (m, +n, + k) such that

1

(mp+n17+kp)!’x(meranrkp) > p)’(p: 172737"') (13)

(mp+np+k
r! s! !
|:2m!(r7m)! 1(s—1)! 1!(ttfk)!}

Let
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k) PRI 1 P
(mp+np+ p)~7’(mp+n,,+k,,) = | F i)l Tis—1)1 11— or(p=123,...)

Yk = O otherwise

Then, (¥,,.x) € Pps- However,

ZZ,",kZl |nu“mnk’}/mnk| = Z;)O:I (mP +n17 +kp)! "l(mpnpkp)y(mpnpkp) >141...-
We know that the infinite series 1+1+1+...diverges. Hence Y., ;| |t Yyni| diverges. This contradicts (3.4). Hence

(Kyni) € Py3. Therefore,
(Pp)P C Py (14)
and ¥, = Wy = 0(m > 1) for all n,k then obviously 1 € Pys and ¥ € Pys, but Y0 o1 Wyt Ve = - Hence,
v (Pa)’ (15)

C
From (3.6) and (3.7), we are granted (PAs)B # P,3. This completes the proof.

G. Definition

Let p = (punk) be a triple sequence of positive real numbers. Then,

Pmnk
) LN r s t 1
Pi(p) = [ limg e Y, Y Y ((m~+n+k)! x| )77 7% =0 : (16)
m=0n=0k=0 \ M n k
Suppose that p,, is a constant for all m,n, k then P3(p) = P,3.
H. Proposition
Let 0 < pyunt < Gount for all m,n,k € N and let {g—;} be bounded. Then Py (q) C Py (p)-
Proof: Let
W€ P, (q), then (17)
Gmnk
. I & r s t 1
limyg —yeo Z Z Z ((m4+n+k)! X)) mF7¥F =0 . (18)
m=0n=0k=0 \ M n k

Gmnk
r N t 1 .
Let tyu = Z:ﬂ:o ij:o Z;(:O ( ( ((m+n+k)’ ‘xmnk|)m+"+k , and let O = pmnk/ank- Since Pmnk <
<

o<

)

Gmnk, wehave 0 < @, <1.LetO k- then

Lok if (tmnk > 1)
0, if (e <1)

Umnk =
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Vimnk = . - (19)
Lnnk if (tmnk < 1)

— k — o, %mnk Cnnk
Tmnk = Wmnk + Vink, tm;,n]? - “mZZZ + Vm;ln]r(l .

Now, it follows that

mnk Omnk o
Mm’;,l;z < Uk < bynks Vmﬁ' < Upnk (20)

Since £k = gk 4yt ype have t ok <ty +v% . Thus,
Amnk Qnnk
, s ‘ r s t 1
Yn—0 Xn—0 Xk—=0 ((m+n+k)! Xk |) on % <
m n k
Gmnk
, s ‘ r s t 1
Yon—0 Ln—0 Lk=0 ((m+n+k)! [xXpnk|) %
m n k
Gk (pmnk/qmnk)
r N t r §
m=0 2n=0 2k—0 ((m+n+k)! [xmn|) RS <
m n k
Gmnk
r s t r §
Zm:O ano Zk:O m+n+k |xmnk|)m+n+k ...... *
m n
which yields
Pmnk
s 1
) ZZ:O Zﬁc:o ) ) ) m+n+k)! Xk |) T
n
Amnk
r t r S | ;
< | Lo Lo Xi—o ((m+n+k)! Xk |) 7707
m n k
Gmnk
. r s t r § ! | .
However, | limyg—o0 Y 0 Y00 Li—0 L ((m4n+k)! |xpue|) ™ =0 (by(3.10)). Thus,
m n
Pmnk
. r s t r s ! ' _ 1
llmml%w Zm:o Zn:() ZkIO ((m + n + k) . |.xmnk ‘ ) mtntk — 0
m n k
Hence,
wePa(p). @n
Hence (3.9) and (3.13), we are granted
PX3 (q9) C sz (p). 22)

This completes the proof.
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I. Proposition

(a) Let0 < infpmnk < Pmnk < 1, then Px3(p) C Px3'
(O 1 < Pk < SUppunk < oo, then Py € Py (p).

Proof: The above statements are special cases of proposition 3.8.

Therefore, it can be proved by similar arguments.

J. Proposition

If 0 < pnk < gmnk < oo for each m,n, k then P,3 (p) € Py (q).

Proof:Let j1 € P,3(p), then

Pmnk
r s t r Ky 1
limsiseo Y Y Y (m+n4k)! Xt |) 7777F =0 (23)
m=0n=0k=0 \ m n
Gmnk
N t 1
Yo—0 X0 Li—o ((m+n+ k) k] ) 5% <
m n
Pmnk
r N t
Z:n:O 22:0 Z?{:O m +n-+ k |xmnk|) m+n+k ...... *, then
m n k
9mnk
S .
LiMys 00 Ym0 Yoo L0 B} ((m~+n+&)! Xk I = () (by using (3.15)). We have u € P,3(q).
m n

Hence, P,3(p) C P,3(q). This completes the proof.
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